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Abstract

The problem of Bayesian network structure learning is defia& an optimization problem over the
space of all possible network structures. For low-dimemsidata, optimal structure learning approaches
exist. For high-dimensional data, structure learning fiesia significant challenge. Most commonly,
approaches to high-dimensional structure learning emgphegluced search space and apply hill climbing
methods to find high-scoring network structures. But evenrdduced search space contains many
local optima so that local search methods are unable to fiadogimal network structures. Instead of
focusing on search space reduction, as most of the previotlsiwthis area, we propose to replace the
greedy search schemes with more effective search methaglshiw that for high-dimensional data the
proposed search method finds significantly better strusttiven other leading approaches to structure
learning.

1 Introduction

High-dimensional data sets are abundant in a variety of scientific domaahsdiimg genetics, social net-
works, and astronomy. To gain insight into the processes that genesatiath, it is of interest to extract
statistical dependencies between variables in the data. Based on thesdeatepes, it is possible to postu-
late a causal relationship. For example, we can formulate hypothesesgameuregulation by understand-
ing statistical dependencies in gene expression data [10]. An effeottleod for extracting such causal
relationships is to learn the structure of a Bayesian network [22] fromake d

Structure learning for Bayesian networks is commonly cast as an optimizaidhem. Within the
space of all possible network structures, we search for the structatrestplains the data best. A scoring
function [17, 14] is used to evaluate the quality of the network, given ttee da

For data sets of low dimensionality, the structure learning problem can bedsoptimally [16, 15,
24]. In higher dimensions, however, it becomes increasingly difficulthasiumber of possible network
structures grows super-exponentially in the dimensionality of the data [@8licture learning for high-
dimensional data sets thus remains a substantial challenge with far-reanpligtions for practical appli-
cations.

To make structure learning tractable in high-dimensional spaces, the majbrégearch has focused
on reducing the size of the search space. Within this reduced seas spisting methods employ local



search, such as hill climbing or Monte Carlo methods, to determine high-qudiitytieres. Some ap-
proaches augment local search with tabu lists or with random restartsapesiee numerous local optima
in the scoring function. But local search remains unable to adequateighsine reduced search spaces.
As a consequence, many existing structure learning approaches &teuork structures that only partially
capture the true dependencies present in the data.

We propose to advance Bayesian network structure learning by emplagimgproved search method.
This search method, which we call model-based search (MBS) [4], ceslive computational efficiency
of local search with the advantageous properties of global seamsie. Ifew local search as exploitation and
global search as exploration, model-based search effectively vaedmde-off between exploration and ex-
ploitation as search progresses. Initially, when no information about ti@yfunction is available, model-
based search resorts to pure exploration. However, as this exployéids information about the quality
function, model-based search identifies areas of the search spaeecthikély to contain high-quality net-
work structures and focuses search on these areas. In doing s® aliiptively trades off exploration and
exploitation. This adaptive trade-off significantly improves the effectagsrof search in high-dimensional
spaces.

Our experimental results show that structure learning using model-baasthoutperforms other lead-
ing structure learning approaches. On the Gene data set [25] withiB@nsional data, for example, our
method produces on average a network that is 50.7% more accurate tisamttere obtained with another
leading structure learning method (compared to the network that was useddtate the data). This repre-
sents a significant improvement in the state of the art of Bayesian netwockis® learning. We believe that
the development of even better search methods is a most promising futwrgodifer Bayesian network
structure learning.

2 Reated Work

We propose to advance Bayesian network structure learning by emplagiimgproved search method. In
this section we review related work in structure learning and in search.

2.1 StructureLearning

The literature in structure learning is extensive. Here, we focus on tnatkreduces the search space to
facilitate optimization by local search. We also discuss methods that haveppked to high-dimensional
data sets.

The equivalence class search space [6] represents structuradiabypdirected graphs (PDAGS). This
search space results in relatively smooth quality landscape and can thearbked well with greedy meth-
ods. Nevertheless, the PDAG search space still contains many local oftimme. of them can be overcome
by including randomness into the search [20].

An alternative search space considers orderings of nodes, whicamiliniit the connectivity of nodes in
the network. The optimization problem now consists of determining the bestiogdbf nodes. A particular
ordering is scored based on the most likely structure that observesdbeny, given the data. In prior
work, a number of different search strategies were employed to find gaterings; these strategies include
genetic algorithms [18], an optimized hill climbing method [26], and Markov ciMamte Carlo [9].

The search space can also be reduced by limiting the connectivity of thh.gfde sparse candidate
algorithm [11] only considers connections between variables with high minfeamation. This algorithm
was successfully applied to the Gene data set with 801 variables [25]id€higvas later extended to include



a sound method for learning parent and children sets [28]. The resutttigod, Max-Min Hill Climbing
(MMHC), compares favorably with the sparse candidate algorithm whefiegpto large data sets [28].
Both of these methods rely on local search (hill climbing with a tabu list). As aemurence, they remain
susceptible to local optima.

Another structure learning algorithm focuses on situations in which only siearse data is available.
The algorithm relies on frequent sets to learn large networks [13].

Although unrelated to the work presented here, it is interesting to mentionexragtplication of active
learning to structure learning. Tong and Koller use active learning to oatainrate structures from as little
training data as possible [27].

2.2 Search

The literature on search and optimization is vast and we cannot hope toaadlgeview it here. Instead,
we focus on those search methods that have been applied in structuiadesrd on optimization methods
that are similar to the one we will propose in Section 3.

Most structure learning approaches rely on local search methodsasutll climbing and Monte Carlo
methods. To alleviate the problems that arise from local optima, these methadbd&av augmented with
tabu lists [12] or random re-starts. These measures somewhat re@usestteptibility to local search but
fail to be effective in very large search spaces.

In very large search spaces local search is inadequate and glabelh sg intractable. To overcome
this dilemma, it is possible to bias search (or optimization) towards promising afétaes search space. If
no a priori information is available, this can be achieved with an active legilika approach: as search
progresses, the obtained information is used to direct further seatehude of this information to guide
search has to rely on assumptions about the underlying search spagearth spaces that do not satisfy
these assumptions, these algorithms will perform poorly [29]. In pradimsever, several algorithms have
shown that this active learning approach to search can achieve gadtsre

The STAGE algorithm [3] uses the information obtained during local se@wcguide future local
searches. STAGE learns a function that predicts the outcome of logahssastarted in a particular re-
gion of the search space. By biasing the starting point selection towasdsging regions, STAGE can
outperform other global optimization algorithms in a variety of problem domains.

The MIMIC algorithm [8] uses information obtained during global samplingdtednine a probability
distribution over the search space. This distribution estimates the probabilityhéhaptimization criterion
evaluates to at least a certain value for a particular point in the search.dpa sampling the search space
based on this distribution and only retaining samples of increasing qualitystingage of the distribution is
successively refined until the algorithm converges.

An adaptive importance sampling algorithm [21] actively learns the optimal itapoe sampling distri-
bution from the previously taken samples. This algorithm has been applieti®da avaluation in influence
diagrams.

These three aforementioned algorithms share the basic insight with ouittadgowhich will be intro-
duced in the next section: they actively learn which regions of the semate are promising. However,
they fundamentally differ from our algorithm in their ability to scale to high-dimemaigroblems. The
algorithms discussed in this section attempt to learn a function over the entich space. This is not only
computationally expensive but also requires significant amounts of tradisitag In contrast, our algorithm
quickly reduces the search space that is considered and subsequntstempts to estimate the properties
of selected regions. As we will see in Section 4, this will allow us to perforocaire learning for very
high-dimensional data sets.



3 Improved Search for Structure Learning

Our goal is to devise a search technigue that adequately searchebiglergimensional search spaces.
Ideally, it would maintain the computational efficiency of local search methddkewachieving some of
the search characteristics of global methods. Since an exhaustieh séaearch space is impossible, we
propose to devise a search method that very quickly rules out large &nofusearch space and focuses
search on the remaining regions. Of course, there is a significant riske@ut the region of the search
space that contains the optimum. Since the proposed search method isisfih@ature, experimental
validation will have to demonstrate that this does not happen.

In this paper, we adapt model-based search (MBS) [4] to the problestrwfture learning. MBS
was originally developed in the domain of protein structure prediction, whichatso be cast as a high-
dimensional optimization problem.

MBS is based on the assumption that a coarse sampling of a region of tbh space reveals coarse
information about the underlying structure of that region. This structmfarmation is used to build an
approximate model of interesting regions of the search space. MBS idyatéfines its model at it con-
tinues to explore the regions of the search space captured by the mofiaitiiefy, search is focused on
these regions and all other regions are discarded. Since search inpkdB&eds stochastically, however,
discarded regions can be re-discovered.

The key to the efficiency of MBS is the simplicity of its model. The model consistsswhall set of
high-quality samples, a distance metric imposed on the space, and informaticanhze computed very
efficiently using the previous two parts of the model. We believe the simplicity oMB&’s model and
the focus on small regions of the search space is compelling, as more canmgess for high-dimensional
spaces require significant amounts of training data to be accurate. Andlgdshis simplicity of the
model that separates MBS from the work discussed in Section 2.2. Thesappes discussed in that section
attempt to learn a model for the entire search space or to estimate probabiliyutistrs over that space.
We believe this to be impractical for high-dimensional spaces.

Another interesting property of MBS is its combination of a global represientéthe model) and lo-
cal search (used in sampling). The model captures explorative asygesgarch, whereas local search is
exploitative. As MBS proceeds with the search, the trade-off betweglor@tion and exploitation is con-
tinuously adjusted based on the information obtained about the seareh 3ipgxadaptive trade-off results
in effective search, in particular in high-dimensional spaces.

The adaptation of MBS to structure learning proceeds as follows (detaitgivaen below):

Create the initial model from random samples

Rank the samples with the Sample Score heuristic
Reallocate thé worst samples to the regions represented by each member of the bdssamples
Sample in these regions using only the allocated amount of samples; this nsihéaimodel size

5. Check for convergence; if optimal network does not improve, termingiterwise go to step 2
In the case of Bayesian networks, each sample is a DAG. In the remairtiersection we provide imple-
mentation details regarding model-based search applied to Bayesian netwatlare learning.

M owbd e

Distance Metric: We define the distance metric between two netwa@rkand G’ as the amount of local
operations (edge additions, deletions, or reversals) needed to ransfanto G’. The computation of
the distance metric is done efficiently by accumulating the difference betweedjcency matrices &f
and G’ and discounting reversed edges. The distance metric imposes structilme search space. This



structure is crucial for MBS. The distance metric should create a qualitgtape in which small distances
between samples frequently correspond to relatively small changesrilaygality of the samples.

Sample Quality: MBS evaluates the quality of a sampkeas follows:
Q(s) = a BDeu(s) +  Radiugs)

The overall score of a samplalepends on its BDeu score and the estimated radius of the high-quality region
arounds. The radius is estimated by the closest lower-scoring sample. We refer tigplled s, Radiugs))

as a region of the search space. The set of all regions makes up theohtdgS. Note that by varying

the ratio ofa/3 we can affect the exploration/exploitation trade-off made by MBS. Valugetahan 1
increase exploitative behavior, whereas values smaller than one featsh=on large (and thus relatively
unexplored) regions.

Allocating Samples. MBS assigns samples to a particular region with the constraint that the moeel siz
must remain constant. L&t = {si, s, ..., s,_x} be the set of samples that represent the — & best
regions in the search space. The amount of samples allocated to the regimiated with sample; is
computed as follows:

Q(s:)
n—k '
> Q(s))
i=1

Each region is assigned a fraction of thesamples based on its contribution to the total score of all the
regions. Note that this score includes both the BDeu scoseasfwell as the estimated size of its region.

Sampleés;) = n

Sampling: In order to sample in the allocated regions, we start a Metropolis HastingseMGarlo [19]
(MHMC) run from the sample representing the region. MHMC performsdoan walk which will accept
moves that reduce the score with a probability based on the Boltzmann equBtieMonte Carlo run is
followed by hill climbing to locally optimize the sample and thus improve the quality of thermation
obtained from it.

4 Experiments

In this section we present experiments that validate the proposed ségodthan in two ways. First, we
demonstrate that the simple model determined by MBS focuses on good refjighiessearch space. The
resulting search outperforms repeated local search runs with an @aoaint of computational resources.
Second, we perform a variety of structure learning experiments andarentipe performance of MBS with
state-of-the-art structure learning algorithms.

4.1 Accuracy of Model

To show that the simple model maintained by model-based search enablds teefiicus on promising
regions of the search space, we compare MBS with local search. Baititlaigs are given the same amount
of computational resources. An advantage in performance thus hasve fitem exploiting the model to
focus search on good regions of search space.



The local search method used in this experiment consists of the same blgrekdy and stochastic
search that MBS uses to sample locally. By using 10 samples for MBS anchcoignfi with 10 independent
runs of the local search, we ensure that both methods use the same aoomiputation. To make this
comparison fair, we generate ten random initial samples and use them fimitthemodel of 10-sample
MBS and as the initial samples for 10 runs of local search. We use a dagerserated from the Gene
network [11] (801 variables).
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Figure 1: The graph compares the score of a 10-sample MBS run with thes¢éme of 10 independent,
local searches through 120 iterations. The quality of the structures ebtaiith MBS quickly dominate
those obtained by local search. One of the local searches temporati$ydibetter network. As search
progresses, MBS outperforms each of the 10 individual searclnés d€monstrates that MBS successfully
focuses on good regions of the search space and outperformséacahsvith random restarts when given
the same computational resources.

The graph in Figure 1 compares the performance of 10-sample MBS to &fendent runs of local
search. MBS learns higher-quality network structures almost throughewentire experiment. At a point
early during the search, one of the 10 independent runs temporarilgréatms MBS. This can be explained
with the exploitative nature of local search. In contrast, MBS combinelrtjpn with exploitation and
thus spends computational resources in multiple regions of the searah gdgter 30 iterations, the explo-
rative efforts of MBS pays off. As all of the local searches congdmyvards local optima, MBS converges
towards a higher-quality local optimum.

This experiment demonstrates that MBS is able to successfully trade dffratipn and exploitation
during the search in a high-dimensional search space. The model y8¢8% successfully discriminates
between poor and promising regions of the search space and thusdan search more effective.



4.2 StructurelLearning

We now compare the performance of MBS to leading Bayesian networkistedearning algorithms. For
this comparison we used six data sets. The first four (data 1 through datgigure 2) were generated
using the Child10 network (10 connected copies of the Child network EHescribed in [28]). The
Child10 network contains 220 nodes connected by 257 edges. Thedifihsdt was generated from the
Alarm10 network (10 connected copies of the Alarm network [2]) with 3d@fables and 570 edges. The
sixth data set was generated from the Gene network (as constructel])inhich contains 801 variables
and 972 edges. Every data set is made up of 1000 instances gengréteddspective network.
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Figure 2. The performance of MBS compared to Max-Min Hill Climbing (MMH@EIjll Climbing with
tabu list (HC), and Sparse Candidate (SC on Gene). The top row sheB®ku score achieved by each al-
gorithm, and the second row shows the SHD between the learned struntuiteeanetwork used to generate
the data. The mean of 100 MBS runs is shown along with one standard de@a@orerror bar. MBS learns
structures that have up to 50% fewer structural errors than the stedetamed by the next best algorithm.

We compare the performance of MBS with three structure learning algoritfimsthe first five data
sets, we compare to hill climbing with a tabu list (optimized hill climbing [28], HC in Feg@j and to
optimized hill climbing in the max-min parents and children search space (MMFLXhe Gene data set,
the largest in our experiment, the HC algorithm does not converge withiasenable amount of time. For
this data set we compare MBS to MMHC and the sparse candidate algorithirwifhlparameterk=5
(SC). A recent study of structure learning algorithms identified MMHC a@daS the leading structure
learning algorithms for high-dimensional data [28]. The implementations ofitigts other than MBS
were obtained from Causal Explorer [1]. Note that HC operates in thedarch space (and thus cannot
be applied to the high-dimensional Gene data), whereas MBS and MMH@tepm the reduced max-min
parents and children (MMPC) search space [28]. HC operates in &ihtdf search space that limits the
predecessors considered for every node in the graph [11].

Since MBS is a stochastic algorithm, we average all MBS results over 1@0witim a single standard



deviation marked by the error bars in Figure 2. In each experiment wehadellowing settings for MBS:
each iteration of MBS attempts 60 Monte Carlo steps, followed by 10 Hill Climbingsstiée model of
MBS contains 10 samples; = 1; 8 = 0.5. The settings for MBS were optimized for a data set different
from the ones used for experimental validation in this section.

To compare the performance of the structure learning algorithms, we usdifferent scores for the
network. In addition to the standard BDeu score [14], we also evaluatiedineed structure based on its
structural Hamming distance (SHD) [28] to the network used to generatatheThe structural Hamming
distance is a similarity metric between two PDAGs that measures how many locab ragv@ecessary
to convert one PDAG into the other. We convert the DAGs returned bytthetsre learning algorithms
into their equivalent PDAGs [5]. The comparison of PDAGs is useful,esiBayesian networks can be
statistically equivalent yet structurally different, formally known as Markquivalent.

We now compare the structure learning performance of the differentitdges on the six data sets.
Figure 2 shows in the top row the BDeu score and in the bottom row the st@alietamming distance of the
learned networks for each of the data sets. In the graphs with BDee,sgeralso show the score of the
network that generated the data (optimal graph).

For the Child10 data set, MBS outperforms both MMHC and HC significanthyafodata sets, both
in terms of BDeu score as well as in terms of SHD. On average, MBS leamasasrk with50.7% less
structural errors than MMHC on the first data set and 35%, 33.4% aed@@ss error on the other three data
sets. The variance for MBS runs is very small, indicating that MBS searitigesearch space consistently
well.

For the Alarm10 data set, MBS outperforms both MMHC and HC in terms of SHDobtains a better
BDeu score than MBS, but performs significantly worse in terms of SHIx ddn be explained by the fact
that HC searches an unconstrained search space rather than the B8R space. It is thus able add
edges that improve the score but are not contained in the MMPC seach. sphe better SHD score of
MBS shows that these edges do not correspond to edges in the originalrk. On average, MBS learns a
network with 18% fewer structural errors when compared to MMHC.

For the Gene data set MBS overfits the data, as the BDeu score obtaind8®gxceeds that of the
optimal network. More importantly, however, MBS outperforms both MMH@ &C significantly. On
average, MBS finds a network wi0.7% less structural errors than the next best algorithm. When we
consider the best network (SHD of 34) found by MBS over 100 trialsoiittains83.7% less structural
errors that the one obtained with MMHC (SHD of 208). The worst networnd by MBS (SHD of
182) still contains 12.5% less structural errors than MMHC. Relative torilé, the variance of MBS
is increased, indicating that MBS is not able to search the entire spacasisteatly as in the Alarm10
experiments. We view this as an indication that there is room for further inepmewt in search.

These experimental results clearly demonstrate that structure learnieg dad/BS significantly out-
performs existing structure learning methods on the standard benchroaistsuicture learning. It shows
that the model used in MBS can successfully focus on good regions ire#liehsspace by adjusting the
trade-off between exploration and exploitation.

5 Conclusion

We show that Bayesian network structure learning for high-dimensiatalchn be improved significantly
by employing better search methods. Traditionally, structure learning isrmpeef]l with local search meth-
ods, such as hill climbing or Monte Carlo methods. In contrast, we propaséd/alidated the use of a
search method that combines local and global aspects of search imanl@atning-based framework. The



proposed search method, model-based search (MBS), uses informltéomed from a sparse sampling of
the search space to identify regions that are likely to contain high-qualityonietw It then successively

refines its understanding of the search space, focusing on incrBasargow portions of the space. By

quickly ruling out large amounts of the search space, search becofivgsnefand effective, even in high-

dimensional spaces.

We validated the proposed approach to Bayesian network structur@iganra variety of experiments.
These experiments include the Gene data set, which includes 801 variatlbasaserved as a benchmark
problem for structure learning in high-dimensional spaces. Our methasistently outperforms existing
approaches to structure learning by a large margin. In the Gene datasapproach reduces the structural
difference between the learned network and the network used to getieearaining data by over 50% on
average. We view these results as evidence that significant perfoerimapoovements can be obtained by
further refining the search methods employed for structure learning.
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