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Abstract

Applications in mobile manipulation require sophisti-
cated motion execution skills to addressissueslike re-
dundancy resolution, reactive obstacleavoidance, and
transitioning between di�er ent motion behaviors. The
elastic strip framework is an approach to reactive mo-
tion generation providing an integrated solution to
these problems. Novel techniques within the elastic
strip frameworkare presented, allowing task-consistent
obstacleavoidance and task-consistent motion behav-
ior. General transition criteria and methods are pre-
sented, permitting the suspension and resumption of
task execution to ensure other desired motion behav-
ior, suchas obstacleavoidance. Task execution has to
be suspended whenkinematic constraints or changesin
the environment render task-consistent motion behav-
ior infeasible. Task execution is resumed as soon as it
is consistent with other desired motion behavior.

1 In tro duction

Mobile manipulation posesnew challengesto motion
planning and control algorithms. Applications with
more sophisticated task requirements call for the in-
tegration of di�eren t behaviors during a motion. The
motion of robots in populated environments, for exam-
ple, has to combine task executionand obstacleavoid-
ance to react to unforeseenchangesin dynamic envi-
ronments. For redundant mechanismsthosedegreesof
freedomnot being usedto accomplishthe task can be
used to generateadditional desired behavior. A mo-
tion generation framework suitable for mobile manip-
ulation has to addressthesediversemotion generation
requirements.

When a manipulator arm is mounted on a mobile
base,the resulting robotic systemis oftentimes redun-
dant with respect to the task of orienting and position-
ing the end-e�ector. Various schemesfor redundancy
resolution have been proposed [5, 7, 11]. These ap-
proaches provide a framework for the integration of

end-e�ector motion with motion only a�ecting redun-
dant degreesof freedom. The approach presented in
this paper relies on the operational spaceformulation
[5], using the dynamically consistent force/torque re-
lationship [6] to control the end-e�ector position and
orientation and the redundant degreesof freedomof a
mechanism independently .

Several approaches for the integration of di�eren t
aspects of motion for robotic systemshave been pro-
posed. Given a tra jectory of the end-e�ector, the base
of a vehicle/arm system can be positioned automati-
cally to keepthe end-e�ector in the center of its work
space[13]. Executing a motion with a mobile manip-
ulator, the tra jectory of the arm can be modi�ed to
reactively avoid obstacleswithout a�ecting the motion
of the base [9, 12]. A potential �eld-based approach
combines a task potential, causing the end-e�ector to
follow a given tra jectory, a coordination potential, re-
sulting in base motion to center the end-e�ector in
its work space,and an obstacleavoidancepotential to
generate motion for a mobile manipulator [10]. An-
other approach allows to control the balanceof a hu-
manoid robot, while choosing an overall posture that
maximizes the work spaceof the arms [3].

The elasticstrip framework [2] is a generalapproach
for integration of behavior during reactive motion ex-
ecution. It allows the combination of task execution,
obstacle avoidance, and posture control [1]. During
task-constrainedmotion execution for mobile manipu-
lation, however, it may becomenecessaryto transition
between di�eren t motion behaviors: Assume a mo-
bile manipulator is performing a task while reactively
avoiding obstaclesusing redundant degreesof freedom.
As the robot reaches the limit of its work space,the
rangeof motion resulting from only redundant degrees
of freedom is signi�can tly reduced. Consequently , the
task might have to be suspended to ensure collision
avoidance. It can be resumed after the obstacle has
been cleared by the mobile manipulator. This paper
presents task-consistent obstacleavoidancebehavior in
the elastic strip framework and an approach for tran-



sitioning betweendi�eren t motion behaviors.

2 Elastic Strip Framew ork

The elastic strip framework [2] allows real-time path
modi�cation for robots with many degreesof freedom
in dynamic environments. The representation of an
initial path, called candidate path, is augmented by
a set of paths homotopic to it. During the execution
of the motion a new candidate path is chosen from
this set multiple times per second,taking into account
the most current information about the environment,
thusallowing the integration of task behavior, obstacle
avoidance,and posture control.

2.1 Sets of Homotopic Paths

Let Pc be a path generatedby a planner. This path
represents a collision freemotion accomplishinga given
task; we will call it candidate path. Furthermore, let
V R

P be the work spacevolume swept by robot R along
tra jectory P.1 This work spacevolume can be seenas
an alternativ e representation of the one-dimensional
curve P in con�guration space.Let V �

P be de�ned as

V �
P := (VP � b� )nVO ;

where � is the Mink owski sum operator, b� designates
a ball of radius � centered around the origin, and VO

is the work spacevolume occupied by obstacles. V �
P

correspondsto VP grown by � in all directions, exclud-
ing the work spacevolume occupied by obstacles.As-
suming that the robot is not in contact with obstacles
along the entire path, it is obvious that there exists a
path P 0 6= P homotopic to P and obtained from P by
a slight modi�cation, such that VP 0 � V �

P . Therefore,
V �

P can be seenas an implicit representation of paths
homotopic to the candidate path Pc.

In the elastic strip framework a work spacevolume
of free spacesurrounding VP c is computed. Since,de-
pending on the method of computation, it might not
be identical to V �

P c
we will denote it by TP c and call it

elastic tunnel of free space. This tunnel represents a
work spacevolume implicitly describinga set of paths
P(TP c ) homotopic to Pc:

P(TP c ) := f P j VP � TP c and P ' Pc g;

where ' denotesthe homotopy relation between two
paths. Given a candidate path Pc, a corresponding
tunnel TP c can be easily computed [1] using distance
computations in the work space. An elastic strip S is

1For simplicit y we will drop the exponent R in the remainder
of this paper. Unless noted, variables refer to the robot R .

a tuple consisting of a candidate path and the corre-
sponding elastic tunnel; it is de�ned asS := ( Pc; TP c )

An exampleof an elastic tunnel, given a particular
schemeof freespacecomputation, is shown in Figure 1.
Three con�gurations of the Stanford Mobile Manipula-
tor along a given path are displayed. The overlapping,
transparent spheresindicate the computed free space.
The union of those spheresrepresents the elastic tun-
nel.

Figure 1: Three con�gurations along a tra jectory are
shown. The transparent spheresindicate an approxi-
mation of local free space(obstaclesare not shown).
The union of their volumeconstitutes an elastic tunnel
of free space.

2.2 Selection of a Path

Given an elastic strip S, an algorithm is required to
e�cien tly selecta newcandidatepath P 0

c from the elas-
tic tunnel. Using a potential �eld-based control algo-
rithm real-time performancecan be achieved. Rather
than exploring the entire con�guration space,it maps
proximit y information from the environment into the
con�guration space,using the kinematic structure of
the manipulator. The elastic strip framework di�ers
from other reactive approachesin that potential �elds
are applied to a discretizedrepresentation of the entire
tra jectory and not only to a particular con�guration
of the robot.

The tra jectory is exposed to forces, acting in the
work space, incrementally modifying the candidate
path to yield a new one. The forcesare derived from
three potential functions, the external, internal, and
posture potential, Vexter nal ; Vinter nal ; and Vpostur e, re-
spectively. The external, repulsive potential Vexter nal

is de�ned asa function of proximit y to obstacles.Min-
imizing this potential e�ectiv ely maximizes the clear-
anceof the path to obstaclesin the environment. For
a point p on a con�guration of the robot along the



tra jectory the external potential is de�ned as

Vexter nal (p) =
�

1
2 kr (d0 � d(p))2 if d(p) < d0

0 otherwise
;

where d(p) is the distance from p to the closestobsta-
cle, d0 de�nes the region of in
uence around obstacles,
and kr is the repulsion gain. The force resulting from
this potential that acts on point p is given by:

F ext
p = �r Vexter nal = kr (d0 � d(p))

~d

k~dk
;

where ~d is the vector betweenp and the closestpoint on
the obstacle. Intuitiv ely, the repulsivepotential pushes
the tra jectory away from obstacles,if it is inside their
in
uence region. Using the external forcesto selecta
new candidate path maintains the global properties of
the path and local minima can be avoided.

The external potential alone would su�ce in most
casesto selecta newcandidatepath, asrepulsiveforces
keep the tra jectory in free space. If an obstacle de-
forming a path would recede,however, the path would
never shorten. Virtual springs attached to control
points on consecutivecon�gurations of the robot along
the elastic strip can achieve this e�ect. Let pi

j be the
position vector of the control point attached to the j -
th joint of the robot in con�guration qi . The internal
contraction force acting at control point j of the i th
con�guration, causedby the virtual spring connecting
it to the i � 1st and the i + 1st con�guration along the
path P, is de�ned as:

F int
i;j = kc

 
di � 1

j

di � 1
j + di

j

(pi +1
j � pi � 1

j ) � (pi
j � pi � 1

j )

!

;

where di
j is the distance kpi

j � pi +1
j k in the initial, un-

modi�ed tra jectory and kc is a constant determining
the contraction gain of the elastic strip. This ap-
proach di�ers from the virtual spring method [8] in
that springs do not represent a link but connect the
samelink in di�eren t virtual con�gurations.

Using the external and internal forces, the elastic
strip behaves like a strip of rubber. Obstaclescause
it to deform, and as obstacles recede it assumesits
previous shape. The forces are mapped to joint dis-
placements using a kinematic model of the manipu-
lator. This e�ectiv ely replacescon�guration spaceex-
ploration with a directed search, guided by work space
forces. The computation is virtually independent of
the dimensionality of the con�guration space[1].

In caseof redundant manipulators, a third poten-
tial is intro duced. The potential Vpostur e can be used
to de�ne a preferred posture for the robot in absence
of other constraints. This allows, for example, to

maintain the most stableor energy-conservingposition
when manipulating a heavy load. Based on the dy-
namically consistent decoupling of task execution and
nullspace motion [5], the motion resulting from these
three potentials can be combined with the motion re-
quired for task execution. Motion in the nullspace of
the task is usedto avoid obstacles,shorten the tra jec-
tory, and achievea desiredposture in a task-consistent
manner. The details of this integration are described
in the next section.

3 Task-Consistency for Obstacle
Av oidance

The equations of motion of a non-redundant manipu-
lator in operational spaceare given by

�( x)•x + � (x; _x) + p(x) = F;

wherex is the vector of operational spacecoordinates,
�( x) is the operational spacemassmatrix, � (x; _x) is
the vector of centrifugal and Coriolis forces,and p(x)
is the vector of gravit y forces [5]. The vector of joint
torques � required to achieve forces and moments F
at the end-e�ector can be computed using

� = J T (q) F: (1)

Using equation 1, manipulators can be controlled in
operational space.

For redundant manipulators the relationship be-
tweengeneralizedoperational forcesand joint torques
from equation1 becomesincomplete. The Jacobianas-
sociated with redundant manipulators hasa nullspace.
Torquesmapped into the nullspaceof the Jacobianwill
not a�ect the end-e�ector motion. For redundant ma-
nipulators the relationship betweenoperational forces
and joint torques is given by:

� = J T (q) F +
�
I � J T (q) �J T (q)

�
� 0; (2)

where I is the identit y matrix, �J is the dynamically
consistent inverse [4], A is the joint spacemass ma-
trix, and � 0 is a vector of joint torques. The control
of a redundant manipulator with equation 2 e�ectiv ely
decomposesjoint torques into those acting at the end-
e�ector (J T (q) F) and those only a�ecting interior
motion of the manipulator

��
I � J T (q) �J T (q)

�
� 0

�
.

Using this decomposition the integration of vari-
ous motion behaviors is achieved in the elastic strip
framework [1]. The vector of forces and moments
F = �r Vtask is derived from the task potential
Vtask . The torques resulting from forces caused by
obstacles (Vexter nal ), internal forces (Vinter nal ), and



posture constraints (Vpostur e) are mapped into the
nullspace, thereby not a�ecting task execution. The
posture potential can be de�ned to accomplish arbi-
trary nullspace behavior, such as centering the ma-
nipulator arm in its work space, or maintaining the
balanceof a humanoid robot. The di�eren t potentials
acting in the nullspacecan be prioritized using a sim-
ple weighting schemefor the resulting torques.

4 Transitioning Behavior

The previous sections intro duced the elastic strip
framework and showed how the operational spacefor-
mulation [5] can be used to integrate various aspects
of motion behavior during reactive motion execution.
This approach can fail, however, when the torques re-
sulting from mapping � 0 into the nullspace(seeequa-
tion 2) yield insu�cien t motion to accomplish the de-
sired behavior. If that behavior has higher priorit y
than task execution, as it would be the casefor ob-
stacle avoidance, task execution has to be suspended.
The behavior previously executedin the nullspacecan
then be executed using all degreesof freedom of the
robot. When possible,task execution is resumed. This
section intro ducescriteria for determining when such
a transition is required and methods for performing
such a transition.

4.1 Transition Criteria

Let N T (J (q)) :=
�
I � J T (q) �J T (q)

�
be the dynam-

ically consistent nullspace mapping of the Jacobian
J (q) associated with the task. The coe�cien t

c :=
kN T (J (q)) � 0k

k� 0k

correspondsto the ratio of the magnitude of the torque
vector � 0 mapped into that nullspaceto its unmapped
magnitude. This coe�cien t is an indication of how
well the behavior represented by � 0 can be performed
inside the nullspace of the task. We experimentally
determine a value cs at which it is desirable to sus-
pend task execution in favor of the behavior previously
mapped into the nullspace. Once the coe�cien t c as-
sumesa value c < cs , a transition is initiated. During
this transition task behavior is gradually suspended
and previous nullspacebehavior is performed using all
degreesof freedomof the manipulator. The transition
itself is described in the next section.

The reverse transition to resume task behavior is
initiated whenthe magnitude of a vector F r , represent-
ing the forcesand moments applied at the end-e�ector
to resumethe task, becomessmaller than a threshold

� , kF r k � � , and simultaneously c > cr , where cr is
a threshold of the coe�cien t c for resuming the task.
This condition is an indication that the task can be
executed while realizing the behavior entirely in the
nullspace. The value for cr is chosenso that cr > cs;
this deadband between cs and cr avoids unnecessary
transitions.

4.2 Transition Metho ds

The transition to suspend the task execution is per-
formed basedon the coe�cien t c and a desired dura-
tion ts for the transition. Transitions are characterized
by a transition variable � 2 [0; 1]. When suspending
the task, � suspend is given by

� suspend :=
�

min( c
c0

; 1 � t � t 0
t s

) if t � t0 < ts

0 otherwise
;

where t is the current time t0 is the time at which
the transition was initiated. The time-based compo-
nent allows a smooth transition under normal circum-
stances,whereasconsidering c permits to react more
rapidly to extreme situations, in which the mapping
into the nullspaceyields only very minimal torques.

The transition to resumethe task is performed en-
tirely basedon the desiredduration t r ; the transition
variable � r esume is de�ned as

� r esume :=
� t � t 0

t r
if t � t0 < t r

1 otherwise
:

The parameters ts and t r can be chosenbased upon
the acceleration capabilities of the manipulator and
the expected rate of changein the environment. They
a�ect the appearanceof the resulting overall motion.

The motion of the manipulator is generatedusing
the equation

� = f (� ) J T (q) F +

f (� )
�
I � J T (q) �J T (q)

�
� 0 +

f (� ) � 0

;

where � := (1 � � ) is de�ned as the complement of �
(� suspend or � r esume depending on the transition), and
f (�) is the transition function, determining the rate
of change during the transition. The simplest choice
for f (�) is the identit y function, in which case the
transition variable � will generatea linear transition
over time, unless the coe�cien t c drops too quickly.
Smoother transitions can be generated using a sig-
moidal function f (x) = 1

1+ e� x , translated and scaled
to the interval [0; 1]. The condition of f (� ) + f (� ) = 1
for all � 2 [0; 1] is not necessaryfor a particular choice
of f ; it is desirable,however, to maintain this property
at the end points of that interval.



Figure 2: Top images show from left to right: real-time path modi�cation without task consistency, with task
consistency, and transitioning betweentask-consistent and non task-consistent behavior. Lines indicate the tra jec-
tory of the base,elbow, and end-e�ector. The graphs below the imagesshow end-e�ector error and basedeviation
from the task for the respective experiment. Pure path modi�cation will lead to large end-e�ector errors. Task-
consistent path modi�cation allows the combination of task execution and obstacleavoidance. The experiment on
the right shows the basetra jectory and end-e�ector motion when the task has to be suspended.

5 Exp erimen tal Results

The proposedalgorithms wereimplemented and tested
on the Stanford Mobile Manipulator, a holonomic mo-
bile base combined with a PUMA 560 manipulator
arm. The task in the experiments presented in Figures
2 and 3 requires the end-e�ector to follow a straight-
line tra jectory. The redundant degreesof freedomare
usedto avoid obstacles.Without task consistencythe
baseand the end-e�ector deviate signi�can tly from the
task. When obstacleavoidanceis performed in a task-
consistent manner, the end-e�ector deviates very lit-
tle from the task. During experiments with the real
robot an error of 3:5mm is not exceeded(seegraphs
and caption of Figure 2). The base,however, performs
signi�can t motion to avoid obstacles.In a di�eren t ex-
periment, shown in the rightmost imagesin Figure 2,
obstaclemotion renderstask-consistent obstacleavoid-
ance impossible and the task is suspended. Initally ,
task-consistencyresults in very little end-e�ector er-
ror, despite signi�can t basemotion. During the time
interval betweent = 22s and t = 27s, however, obsta-
cle avoidanceof the baserenderstask execution infea-
sible and an error of up to 22cm is intro duced. After
the robot passesthe obstacle,the task is resumedin a

smooth motion.
During the experiments the transition time param-

eters were ts = t r = 1s. For the transition coe�cien ts
the following valueswere used: cs = 0:2 and cr = 0:3.
For experiments on the real robot a SICK laser range
�nder was used to detect obstacles. Figure 3 shows
snapshots of the motion generated for the Stanford
Mobile Manipulator asan obstaclemovesinto its path.
The obstacleis avoidedusingtask-consistent, real-time
path modi�cation. Despite large basemotion the end-
e�ector performs a straight-line tra jectory.

6 Conclusion

The elastic strip framework is a versatile approach to
reactive motion generation for robots with many de-
greesof freedom in dynamic environments. By repre-
senting a set of homotopic paths implicitly as a work
spacevolume, called the elastic tunnel, and incremen-
tally modifying the path within that tunnel, real-time
motion modi�cation can be achieved. Since elastic
strips allow the integration of various motion behav-
iors, such as task execution, obstacle avoidance, and
posture control, it is particularly well suited for mo-



Figure 3: Task-consistent real-time path modi�cation using the nine degree-of-freedomStanford Mobile Manipu-
lator: despite the basechanging its tra jectory to avoid the moving obstacle, the end-e�ector performs the task of
following a straight-line tra jectory. During the experiment, the obstacle is perceived using a laser range �nder.

bile manipulation. Task requirements, kinematic con-
straints of the robot, or obstaclesin the environment,
however, can render such an integration temporarily
impossible. The elastic strip framework provides cri-
teria to detect this situation and allows for a sim-
ple transition between di�eren t motion behaviors to
ensurethe execution of the highest-priorit y behavior.
Once possible, the original behavior is restored. Ex-
perimental resultson the Stanford Mobile Manipulator
were presented, demonstrating the e�ectiv enessof the
approach.
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