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Abstract

Themedialaxis can be viewed as a compactrepresentatiorfor an arbitrary model;it is an essentialgeometricstructue in
manyapplications.A numberof practical algorithmsfor its computatiorhavebeenaimedat speedingup its computatiorand
at addressingts instabilities.In this paperwe proposea new algorithmto computethe medialaxiswith arbitrary precision.It
exhibits several desimable propertiesnot previouslycombinedn a practical andefcient algorithm.First, it allowsfor a trade-
off betweencomputationtime and accuracy, makingit well-suitedfor applicationsin which an approximationof the medial
axis sufces, but computationakfciency is of particular concern.Secondijt is outputsensitiveithe computationcompleity
of the algorithm doesnot dependon the size of the representationof a model,but on the size of the representationof the
resultingmedialaxis. Third, the densitiesof the approximatedmedialaxis pointsin differentareasare adaptiveto local free
spacevolumespasedontheassumptiorthata coarserapproximationin wide openareacanstill sufce therequirementofthe
applications.\\e presenttheoetical results,boundingthe error introducedby the approximationprocessThealgorithm has
beenimplemente@ndexperimentakesultsare presentedhatillustrateits computationakf ciency androbustness.

Categoriesand SubjectDescriptorgaccordingto ACM CCS) 1.3.5 [ComputerGraphics]:ComputationalGeometryand Object

Modeling

1. Intr oduction

Themedialaxisof asolid D is thelocusof pointsinsideD, which
lie at the centersof all non-intersectingcloseddiscsor balls in
D of maximumradiusthat have at leasttwo contactpoints with
D [5, 28]. Givenamedialaxisof D andits associatedadiusfunc-
tion, it is easyto reconstructhe surfaceof D. Thusthe medialaxis
providesa compactepresentationf D. The medialaxisis helpful
in mary applicationssuchasshapeanalysiq 24, 36], robotmotion
planning[13, 18], imageprocessing22], computervision[7, 23],
solidmodeling[14, 17, 31] andmeshgeneratiorj1, 27]. In this pa-
perwe presenta novel approactto computean approximatedne-
dial axisbasedn the aforementionedle nition.

While variousalgorithmsto computethe exact medial axis of
simple polyhedracomposedf a few hundredsof trianglesexist
[21, 26, 28], it is non-trivial to scalethem to more complicated
models.This is a consequencef the instability andthe algebraic
compleity of themedialaxisasa mathematicastructure A small
changeof the surfacecancauserelatively large changesn the me-
dial axis; furthermore the algebraicrepresentatiomf the medial
axis usually is of higherdegreethanthe surfaceof the solid. In
order to addressthe instability problem and reducethe compu-
tation time, algorithmsto approximatethe medial axis have been
proposedThesewill bediscussedn detailin Section2.

¢ TheEurographic#Association2004.

Therearea numberof applicationgor which computatiortime
is of critical concernjput anexactrepresentatioof themedialaxis
is not needed.For example, robotic motion planningtechniques
basedon the medialaxis have beendevised[13, 18]. Thesemeth-
odsexploit thefactthatthemedialaxiscapturepointsatamaximal
distancdrom obstaclesnduseit asa heuristicto nd positionsof
the robot that do not collide with the ervironment[18]. For this
applicationan approximatednedialaxis, which canbe computed
efciently, is very desirable Furthermorein narrav andgeometri-
cally comple regions,amoredetailedrepresentationf themedial
axisis of interestwhereasn wide openregionsthe dangerof col-
lision is low anda coarseepresentatiosufces.

In this paper we proposea novel algorithmto approximatehe
medialaxis. Motivatedby applicationssuchasrobotmotion plan-
ning, the proposedlgorithmhasthefollowing characteristics:

1. The computationof the approximatednedial axis canbe per
formed very efciently. As shavn in Section7, the approxi-
matedmedial axis of the model of the StanfordBunry with
69,451trianglescanbecomputedn only 5.6 second®n a stan-
dard PC. The approximatednedial axis of the Happy Buddha
model, consistingof over one million triangles,can be com-
putedin 13.4 secondsThis is muchfasterthan existing algo-
rithmswith the samenput.
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2. Thealgorithmallows theuserto tradeoff speedf computation
for accurag: the more accuratethe approximation,the more
computatiortime is required.

3. Thealgorithmadaptghedensityof pointsusedto representhe
approximatednedialaxisbasedn local propertief thesolid.
Few pointsarenecessarin openareasandadensesetof points
is usedto representhe approximatednedial axis in con ned
areas.

As a consequencehe proposedapproachis well suitedfor appli-
cationin whichanefciently computedapproximatednedialaxis
is of value. This hasbeenvalidatedexperimentallyin the domain
of sampling-basecthotionplanningin robotics[34].

2. RelatedWork

Giventhe geometricdescriptionof a solid, therearevariousalgo-
rithmsto computets medialaxis.We classifytheapproachefound
in the literaturebasedon their methodof exploring the interior of
thesolid.

The algorithmsin the rst cateory use a tracing approach
[21, 26, 28] to computethe medialaxis. The algorithmstartsfrom
a junction point, which is the point where multiple facetsof the
medialaxisintersectandtracesthe seamsrom thejunction point
until they meetanothejunction point or anendpoint. This proce-
dureis repeatedecursvely until all partsof the medialaxis have
beentraced.In addition,Culver [9] alsousesa spatialsubdvision
techniqueto reducethe runningtime of the algorithm.Choset 8]
appliesthis approacho sensothasedmotion planning.His algo-
rithm only usedocal distancenformationgainedfrom the sensors
to incrementallybuild amedialaxisrepresentatiorgstherobotex-
ploresits ervironment.Thetracingstepsaresmallandcomputation
speedis limited. Holleman[18] usesa similar approachto deter
minethemedialaxis,whichis thenusedasaheuristicfor sampling
free con guration spacein the probabilisticroadmapapproacho
robotmotionplanning.Computationatonsiderationimit the ap-
plicability of theseapproacheso polyhedracomposedf only a
few thousandaces.

The algorithmsin the secondcateyory representhe free space
asvoxels.Lam[19] givesasurnwy of thinningalgorithmsbasedn
voxel representationandZhang[35] providesa performanceval-
uation. The thinning algorithmsperformerosionin orderto com-
putean approximatednedialaxis. Siddiqi [29] assighsachvoxel
avector eld valuecorrespondingo thevectorpointingto theclos-
estpointonthe surface.A voxel is consideredo be on the medial
axisif themean ux of thevector eld enteringthe neighborvox-
elsis positive. Ragnemalnj25] assigngo eachvoxel theEuclidean
distanceto its nearesvoxel on the boundaryandcomputeghelo-
cal directionalmaximato determinegheapproximateanedialaxis,
while Hoff [16] utilizes hardware to computethese,thus speed-
ing up thecomputationVleugels[33] dividesvoxelsrecursvely if
they containa portion of the medialaxis until they reacha mini-
mum size.Foskey [11] combineshe advantagesf [16] and[373],
using hardwareto computedistanceswhile adaptvely andrecur
sively dividing the voxels. This methodcomputesa simpli ed me-
dial axis[11], whichis a subsebf theactualmedialaxis. This new
datastructurds morestablebut it doesnotnecessarilynaintainthe
connectiity of themedialaxis,therebylimiting its applicability.

The algorithmsin the third category divide the free spaceinto

Voronoiregionsbasedn samplepointson the surfaceof the solid.
The resultingVVoronoi regions are tiny because densesampling
of the surfaceis requiredfor an accuratecomputationof the me-
dial axis.Both [3] and[10] provide goodsuneys of the literature
of thealgorithmsin this cateyory. Thesealgorithmsareapplicable
to complicatedmodels,if anappropriatesetof samplepointscan
easilybedetermined.

3. Sampling the Approximated Medial Axis

The main ideaof our algorithmis to efciently generatea small
setof partially overlappingmaximal spherego cover almostthe
entire free spacewithin the solid. Thesespheresare constructed
to intersectfeaturesof the medialaxis. By samplingpointson the
surfaceof the spheresanddeterminingtheir closestfeaturein the
ervironment,a setof pointson the surfaceof the spherethat are
in proximity to the medialaxis canbeidenti ed. The pointssene
asan approximatiorto the medialaxis. The union of thesepoints
comprisesheapproximatednedialaxis,abbreiatedasaMA in the
remaindeiof the paperBecauséargeopenareacanbecoveredby
large spheresthe aMA consistsof few pointsin wide openareas
andis denserin geometricallycomplex regions of the solid. The
precisionwith which the aMA approximateghe medial axis can
be speci ed asa parametenf the algorithm. This allows usersto
consciouslytradeaccurayg for computationakf ciency.

3.1. Description of the Algorithm

Eachpoint insidethe solid hasat leastone closestfeatureon the
surfaceof the solid. The directionvectorv of apoint p in thesolid
D is theunit vectorpointing from point p to the closestfeatureon
thesurfaceof D. The distanced(p) associateavith apoint p in the
solid D is the distancefrom point p to the closestfeatureon the
surfaceof D. Notethatpointson the medialaxismusthave atleast
two directionvectors.

The descriptionof the algorithmrelieson two primitive opera-
tions. The rst identi es aninitial pointm andassociatedlistance
d(m), suchthat the resultingsphereof radiusd(m) aroundm in-
tersectghe medialaxis. Given a solid D, a setof pointsP in the
interior of D andtheir directionvectors the secondorimitive iden-
ti es, for eachpointp 2 P, thatpointonthemedialaxisof D which
is closesto p. Theseprimitiveswill bedescribedafterwe have de-
tailedthe algorithmfor computingtheaMA.

Assumepoint m lies on the medial axis and is distanced(m)
away from the closestobstacle This pointis determinedisingthe
rst primitive.A priority queueQ is initializedto containthesphere
describedy pointmandradiusd(m). ThesetSof sphereslescrib-
ing the free spaceinsidethe solid D is initialized to be the empty
set.

Thelargestspheresis extractedfrom Q andasetU of uniformly
distributedsampleghathave beengeneratedn its surface.Points
in U thatarecontainedn oneof thespheresn SarediscardedThe
secondaforementionegrimitive is usedto determinethosepoints
in U thatlie closestto the medialaxis. Thesepoints p; areadded
into theaMA and,alongwith theirdistancesl(p;), into thepriority
gueueQ. The spheres is addedto S. To boundthe exploration of
freespacewe introduceanadditionalrequirementor insertioninto
Q: only thosespheresvith radii largerthanthe expansiorthreshold
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Ke canbeaddedWe cancontrolcomputatiortime andthe number
of aMA pointsby changingKe. Thesestepsarerepeatedintil Q is
empty(seealsoFigurel).

1. Find pointminsideD suchthatd(m) > Ke andthe medialaxis
intersectghe sphereof radiusd(m) aroundm (seeSection3.2).

. SpheresetS:= ;

. Medial axispointsetM := ;

. Priority queueQ := f (m;d(m))g

. While Q is notempty

a b~ wWN

a. Extractspheres= (p;d(p)) fromQ

b. Generaten uniformly distributedsampledJ = fuy; ;ung
onthesurfaceof s. Discardall uj 2 U for which9s; 2 Ssuch
thatu; 2 sj.

c¢. UsingU andthedirectionvectorsassociateavith theu; 2 U,
determineapproximatednedialaxispointsA= fa;; ;akg
(seeSection3.3).

d. Q:= Q[ f(ai;d(a)) jai 2 Aandd(a;) > Keg

e M:=M[ A

f. Si= S[ f(p;d(p)g

6. Connectpointsin M to generatégheaMA (seeSectionb)

Figure 1: Thepseudacodeof thealgorithm. Sis the setof sphees
describingthe interior of the solid D. M is the setof points de-
scribing the approximatedmedial axis. Q is the priority queueof
sphees,ordered by radius.

Figure 2 illustratesour methodin a two-dimensionatase As-
sumeos isthe rst elemenin Q. A maximalcircle centeredito is
generateéndn sampless; p2; ::; pn aregeneratean its circum-
ference(not all samplesare showvn in the gure). The point pairs
(p1; P2), (P3; P4) and(ps; pe) have differentdirectionvectorsand
themidpointsof thesepairs,q1, g2 andgs, areconsideredo beon
themedialaxis;they areaddedo theaMA andto thequeue Since
gs hasthelargestradiusit is expandedchext andthe procedurere-
peats.

Figure 2: Anillustration of the algorithm. Thedashedinesrepre-
sentthemedialaxisof therectangle

We now discusghetwo primitivesusedin the descriptionof the
algorithm.

3.2. Identifying the Initial Approximated Medial Axis Point

In the descriptionof the algorithmit wasassumedhatthe queue
Q is initialized with a point m on the medial axis of the solid D.
We usea similar expansionalgorithmasthe one describedcabove
to nd m. Startingfrom a randompoint p inside D, we generate
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themaximalspherewith thecenterat p. If we cannotnd amedial
axis point of the surfaceof the spherg(how medialaxis pointsare
identi ed is describedn Section3.3), we take the point p0 with
the biggestradiusasthe centerof the next sphere This processs
repeatecuntil the sphereof radiusd( po) around p0 intersectshe
medial axis. Sincethis procedurecorvergestowardsa sphereof
locally maximumradius,its centerconvergestowardsa point p0 on
the medialaxis andthe surroundingsphereghusmustintersecthe
medialaxis.

3.3. Identifying Approximated Medial Axis Points

Givenasetof uniformly distributedsamplepointsU onthesurface
of a spherewe apply the separatioranglecriteria [3, 4, 6, 11] to
determinethe set containingpoints of the aMA. If the direction
vectorsof two adjacentsamplepointsspanan anglelargerthana
thresholdq:, we take the samples'midpointastheaMA points.In

Sectiond we will boundthe errorof this approximation.

Theseparatiomnglecriteriacanerroneouslylaceapointonthe
medialaxis(seeFigure3 for anexample)[11]. If are ex vertex on
the boundaryis the nearesineighborto both samplepoints, both
direction vectorswill point toward that vertex. To identify these
caseswe apply the divergencecriteria: the directionvectorsmust
pointaway from eachother

Py P2

Vl VZ

Figure 3: Falsepositivesfor the sepaation anglecriteria

If a sphereonly intersectsone facetof the aMA, therewill be
two setsof samplepoints,eachsetwith adifferentdirectionvector
basedn classi cationby theanglecriteria.n this casewe simply
insertthe centerof the sphereinto the aMA. The sampleson the
surfacearesuper uous.If aspherédntersectsnultiple facetsof the
medial axis, however, we identify adjacentsampleswith threeor
moredistinctdirectionvectorsandaddtheir midpointto theaMA.
Thesepointsarecalledcritical points, they designatean edgeor a
vertex betweermultiple facetsof the aMA. Critical pointscanbe
usedto approximatehehierarchicageneralized/oronoigraphp].

3.4. Increasingthe Accuracy of the Approximation

Our basicalgorithmdoesnot sampletheinterior of the spheresBy
restrictingsamplingto the surfaceof the spherejmportantfeatures
of the aMA might be missed.We provide an optionalre nement
algorithmwhich canlocateaMA pointswith amaximalnumberof
adjacentaMA facetson the inside of a sphere Startingfrom one
aMA point, we usea tracingalgorithmsimilar to the oneproposed
in [18] to look for a point whereseveral aMA facetstouch. Our
methoddiffersfrom [18] in thatit performsthetracingin 3D, rather
thanin aplane.Themethoduniformly samples pointsnearbyand
selectsthe point with equalor more adjacentaMA facetsasthe
next tracing point. The re nement algorithm stopsif the tracing
point is outsideof the sphereor all points nearbyhave lessMA
facetscrossing.If the re nementpointis closeto anothercritical
point, we discardit andstopthe algorithm.TheaMA pointsfound
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in this mannermore accuratelydescribethe characteristicef the
solid. Thisre nementconsiderablyncreaseshe computatiortime
of theoverall algorithm.

3.5. Discussion

In Section2, we differentiatedthree cateyoriesof approacheso
medialaxiscomputationThesemethodswereclassi edaccording
to their methodsof free spaceexploration. All of them generate
the (approximated)medial axis either during or after the explo-
ration processThe algorithmproposecherecanalsobe regarded
asatracingapproachit tracesthe medialaxis by samplingon the
spheregduring expansion.However, the algorithm differs impor-
tantly from previous approachesduring the tracing progressthe
stepsizeis adjustedbasedon the local geometricalpropertiesof
thefree spaceBy constructionthe centersof the spheredie close
to themedialaxisandthusfreespaces exploredwith nearoptimal
stepsizes.To ensurethis propertyall possibletracing directions
areexploredat every step.The nearoptimal stepsizeis the main
reasorfor thecomputationaef ciency of theproposedapproach.

4. Approximation Error

In this sectionwe boundthe error madeby the proposedmethod
of approximatinghe medialaxisof a solid. We differentiatequan-
titative errorsthat result from the nite samplingdensity of our
algorithm, and qualitative errors. The latter are a consequencef
the sphereexpansionalgorithmto explorethefree spacensidethe
solid.

When consideringthe quantitatve error, two caseshave to be
distinguishedlf the samplingdensityon the surfaceis kept con-
stant,largerspheresvill becoveredby alargernumberof samples
than smallerspheresin this casewe computethe absoluteerror
asthe distanceof a point on the aMA to the closestpoint on the
true medialaxis. If the numberof sampless keptconstantpnthe
otherhand,the samplingdensityis lower on large sphereswhich
meanghatfewersamplesarecomputedn wide openareasin other
words,the computationakxpenseis proportionalto the dif culty
of theregion—adesirablepropertyfor anapproximatioralgorithm.
For this casewe will considerarelative error, which relateshe ab-
soluteerrorto theamountof local free space.

4.1. SamplePoint Accuracy

Let M be the setof approximatedmedial axis points for a given
solid D attainedby our algorithm. For eachpoint p; in M, there
existsamedialaxispointt; whichis closesto p;. Theabsoluteand
relative errorsfor the samplepointsM of the approximatednedial
axis, relative to thetruemedialaxis T are

Absoluteerrorea: maxg2 mfj pi  tijg
Relative errorey: ﬁ)

Givenasetof uniform sampleson a unit spherg(circle), we de-
ne two pointsasneighborsof eachotherif the distancebetween
themis smallerthanthe neighborthresholddn. If the closestfea-
turesof two neighboringpoints p; and p, aredifferent,thereis a
point betweernthemwhich is closestto both of thosefeaturesand
thuslies on the medial axis. We will considerthe midpoint m of
theline sggmentbetweenp; andp, asapointontheapproximated

medialaxis. Consequentlythe maximumdistancebetweenpoints
of the approximatednedial axis andthe real medial axis is given
by e; = d—2". This equationholdsin both 2D for circlesand3D for
spheresThe resolutionof the algorithmis thende ned by rmind—z”,
wherermi, is the radiusof the smallestspheregeneratedy the al-
gorithmdescribedn Section3.

It is obvious thatthereis a relationbetweenthe numberof the
sampleplacedonasphereandthequality of theapproximateane-
dial axis.In thefollowing sectionawve establisthow mary samples
areneededn orderto achieve adesiredabsoluteor relative errorin
2D or 3D.

41.1.2D

It is relatively easyto computethe numberN of samplesneeded
for a givenabsoluteerrore,. During the explorationof free space,
thealgorithmuniformly samplesN pointson acircle (referto Fig-
ure 2). TheangleDg betweerntwo neighborsamplepoints(for ex-
ample,8 qllpl qlbg) is %9 andthe distancebetweerthemis given

by

ip1bai = 2r sin%{: 2rsin%:
Let dn equalj p1 ozj. Theabsoluteerroris thengivenby:
= d—2n= rsin%:

Consequentlygiven an absoluteerror e; the numberof samples
neededs givenasafunctionof theradiusr of thesphere:

p
N= 1
arcsin® @)

To determingherelative errorer, we have to estimateheradius
of a nearbypoint m on the true medial axis. In Figure 2, assume
theclosestMA pointto g; is m. Ther in equationl is thedistance
d(g1) andnotd(m). Althoughm andd(m) areunknavn, according
to thede nition of the medialaxis andthe triangleinequality we
canestimated(q:) d(m) < d(g;) + ea undertheconditionthatm
hasthesamedlrectlonvectorsasql.Thusm < ﬁ f";l).
Ifr  d(q), Tegq) d(edal) &, we canselectN basecbn :

- p
arcsirgr

d(q1), wedetermineN basednthefollowing equation:

S
e
arcsing

Shouldr

GiventhenumberN of desiredsamplepointsp; andtheorigin o
of aspherewith radiusr, it is easyto determineheir position:

2pi

cos
pi=o+r o

sin 20t fori=1;, ;N:
N

4.1.2.3D

Before we discussthe accurag of the algorithm appliedto a
three-dimensionasolid, we introducethe spherecovering prob-
lem [15, 30]: How cann pointsbe placedon a unit sphereso as
to minimize the maximumdistanceof ary point on the sphereto
theothern 1 points?Alternatively, the problemcanbede nedin
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termsof covering the unit spherewith sphericalcaps[2, 32]. We

rely on approachepresentedn the literatureto determinea uni-

formly spacedsamplingpatternon spheregluring the free space
explorationphaseof thealgorithm.

Determiningthe approximatedmedial axis point basedon two
adjacensamplepointson a spherewith radiusr, theabsoluteerror
is givenby ey = rd—z". If morethantwo sampleswith differentdi-
rectionvectorsareusedto determinea pointtheaMA, thetriangle
inequalityis usedto boundthe errorby e; < r dn. Givenadesired
maximumabsoluteerror, it is easyto determinethe maximumal-
loweddistanced betweersampleslUsingthe methodsfor uniform
samplingon the unit spherereferencedabore, we determinethe
numberof samplesN andtheirlocationson the sphere.

The relative error for the three-dimensionataseis determined
in asimilar fashionasin thetwo-dimensionatase.

4.2. Missing Featuresof the Medial Axis

TheaMA pointswe obtainonly represena subsebf thesimpli ed
medialaxis[11]. Theproposedilgorithmmissegartof thesimpli-
ed medialaxisbecausét doesnot expandspheresnto the entire
freespaceandbecausét only considers smallsetof pointsonthe
surfacesof spheres.

Given an absoluteerror es, the algorithmwill stopif the maxi-
mumd(p) of all samplepoints p is smallerthanes. For arelative
error e, the algorithmwill terminateif the radiusof all spheres
is smallerthanthe thresholdKe. Olviously, the algorithmcannot
reacha spacewith a 'gate' smallerthan e; or the thresholdKe.
Thespherestopspreadingvhenthey meetthat'gate’ andthefree
spacebehindthe gatewill be missedjncludingthe associatedea-
turesof themedialaxis.

In the caseof relative error, the samplepointson large spheres
are sparserand thus have larger distanced. Consequentlyusing
relative error, the size of the largestgatewhich is misseddepends
on the amountof local free spaceThis is illustratedin Figure 4:
p1 and p2 areadjacentsamplepointson the biggercircle andqp
is the angle betweenthe direction vectorsof p; and py; g; and
gy arethe adjacentsamplepoints on the smallercircle and gs is
the anglebetweerthe directionvectorsof g; andqp. It is obvious
thatjp1p2j > jgi102) andg, < gs. Accordingto theseparatiorangle
criteria,thealgorithmcan nd theaMA pointonthe smallercircle
but notonthebiggercircle,if gy < gt < Qs.

@ Neighboring sample points on the smaller circle
@ Neighboring sample points on the bigger circle

Figure 4: Thealgorithmmightmissmore featueswhenit useshe
relativeerror criterion.
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5. Generatingthe Approximated Medial Axis

Sofarwe have obtainedasetof aMA pointsby samplingonspheres
duringthe explorationprocessFor someapplicationst might suf-

ce to have sampledpointson the aMA; otherapplicationsmight

rely on knowing the actualfacetsof the aMA. We now describe
how the adjacenyg relationshipbetweenthe sampledaMA points

discoreredduring the free spaceexplorationis exploited to com-

putefacetsof themedialaxis.

For atwo-dimensionasolid the medialaxisis composeaf one-
dimensionakurves.We connectthe aMA pointsby straightlines
basedn the parent-childrelationshipobtainedduringexploration:
if anaMA pointis on the surfaceof a spherecenteredat another
aMA point, we connecthesetwo aMA points.We know from the
algorithmthatall aMA points,exceptfor the rst one,arethecen-
tersof the maximalspheresand on the surfacesof otherspheres.
Sothesgmentsconnectinghemarecompletelyinsidethespheres
andfar away from the boundaryof the model.If the endpointsof
theaMA segmentshave differentdirectionvectors,we canexplore
the bisectorsof the aMA segmentsto locatemoreaMA pointsin
orderto re ne theapproximatednedialaxis. We canthenconnect
adjacenthildrento form facets.

For a three-dimensionadolid the medialaxis consistsof facets
of dimensiontwo and belov. We usethe algorithm presentedn
[18] to determinethe facesof theaMA. In relatively simplemod-
els, big MA facetsmay exist that are coveredby more thanone
sphere We collect aMA pointson the sameMA facetsbasedon
their directionvectorsandpositions.In orderto achieve betterap-
proximationandto improve thevisualeffect, we usethere nement
algorithmdescribedn Section3.4to nd additionalaMA points
inside the spheresThe re nementalgorithmusesa basictracing
method.Performingthis optimizationwill increasethe computa-
tion signi cantly.

6. Computational Complexity

Thereare two factorsdeterminingthe computationalcompleity

of the proposedalgorithm.The mostcostly operationperformeds

the distancecomputation(seealso Section7). The compl«ity of

the modelcritically impactsthe computationatompleity of this
operationwhich generallyis assumedo be O(logn) in practice,
wheren is the numberof facesof the model.In otherwords,the
computationatostof performinga distancecomputatioris deter

minedby thesizeof theinput.

To the extent that the presentedalgorithm hasto input the de-
scription of the ervironmentand performsdistancecomputations
onthisdescriptionjts computationatostis dependentntheinput
size.If we ignorethis for amoment however, andregard distance
computationas a constanttime operation,we note that the algo-
rithm is output-sensitie, i.e., its computationatostonly depends
on the sizeof the output.For every samplepoint generatedn the
aMA we canboundthe requiredcomputationtime by a constant.
Thisis avery desirableproperty in particularfor analgorithmthat
tradesaccurayg for ef ciency. This propertyshows thatthe com-
putationalcostis relatedto the geometriccompleity of the solid
itself and not its model. In otherwords, assuminga cubeasthe
solid and still regarding the costof distancecomputationas con-
stant,the proposedalgorithmwould producethe sameaMA with
the identical numberof distancecomputationsand thus with the
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samecomputationakost,irrespectve of whetherthe cubeis rep-
resentedy 12 trianglesor by 12 million triangles.To achieve this
resultwe do not have to take the modelinto accountby specify-
ing a desiredstepsizeor resolution we simply specifythe desired
relative error.

While outputsensitvity is a very desirablepropertyfor an al-
gorithmof this kind, thedependengcon thegeometriccomplexity,
ratherthan on somecombinatorialpropertybasedon the number
of vertices,makesit impossibleto classify the proposedmethod
accordingo well-known compleity classes.

7. Experimental Results

The experiments reported here were performed on a dual-
Pentiumlll PCwith 1024MB SRAM anda 32MB DDR NVIDIA

GeForce2GTS graphicscard. The algorithmwasimplementedn

C++, with Openlnventorasthe graphicsAPI. Distancecomputa-
tion wasperformedusingthe PQPpackagg 12, 20]. Severalmod-
elswere used,rangingin compleity from 12 to 1,087,718trian-
gles.Table 1 summarizeshe experimentaresults.

Figure 5 and 6 arethe medialaxis of the simplemodelswhich
have relative big facetsIn theimagedifferentcolorsrepresentif-
ferentaMA facets Wheremorethantwo aMA facetsintersectin a
line sggment,inaccuraciesmsa resultof x ed-resolutiorsampling
canbe obsered. The facetsof the approximatednedial axis also
do notreachinto 'corners' of the spaceThisis dueto thefactthat
freespaceaxplorationonly continuesaslong asspherehave acer
tain minimumsize.

Figure 5: Themedialaxis of a box (Box 1, 12 triangles). It takes
3.94secondso computehemedialaxis.Differentcolorsrepresent
differentaMA facets.

Figure7 to Figure 10 shav morecomple« modelsandtheir ap-
proximatedmedialaxes.Our algorithmusegelatively few spheres
Ns to cover the free spaceinside the modelsand attainsa small
setof aMA points(jMj = Np). While our methodonly computes
anapproximatednedialaxis, it is signi cantly fasterthanprevious
methodswith the sameinput. For example,at alow resolutionthe
aMA pointsof the StanfordBunry, thehorsemodel,andthe Happy
Buddhacanbe computedn only 5.61,12.3and13.4 secondsre-
spectvely. Even at higher resolution(seeTable 1) the computa-
tional costis signi cantly lower thanprevious methodsasknown
to theauthors.

Aswedescribedn Sectiond, thealgorithmmaymisssomeparts

Figure 6: Themedialaxisof a simplemodel(Box2, 20 triangles).
It takes4.53 secondgo computethe medialaxis. Different colors
representifferentaMA facets.

of the medialaxis whencomputingits approximationin orderto
demonstratehis effect visually, we usedsphereswith small x ed
radiusto computethe medialaxis of the models;this corresponds
to an implementationof a tracing approachFigure 8 and Figure
9 comparethe resulting medial axis with the approximatedme-
dial axis computedby the proposedmethod.It can be seenthat
mostfeatureof themedialaxisarepresered.For volumesthatare
nearlyspherical suchasthe body of the StanfordBunry, andare
thuscapturedby a large sphere somepartsof the medialaxis are
lost. As demonstratetby the aMA in the legs of the horsemodel,
geometricallytight or complex spacesreapproximatedrery well.
This comparisorvisually con rms thatthe proposednethodcom-
putesthe aMA accuratelyin tight andcomplex environments,and
determines coarselapproximatiorin areaghatarewide open.

Figure 7: Theapproximatedmedialaxisof a ange mount(1,684
triangles)wascomputedn 3.45secondsTheapproximatedmedial
axisis shownin gray. Thesurfaceof the ange mountis shownas
awire framemodel.

Theresultsshovn in Table1 aswell astheresultsshavn in Ta-

¢ TheEurographic#ssociation2004.
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Model Ds Nsp Resolution Ns Np Np T (seconds)
Box1 12 132 0.005646 134 147 7,575 1.56
0.002824 350 363 18,598 3.94
Box2 20 132 0.005646 146 169 8,300 1.84
0.002824 382 405 20,335 4.53
Flange 1,684 132 0.012 92 172 7,212 3.45
Mount 0.006 642 902 63,863 45.5
Stanford 69,451 132  0.00668 91 143 6,564 5.61
Bunry 0.0033 357 685 20,248 17.64
Horse 96,966 132  0.0028 306 400 21,738 13.3
0.006 124 223 3,960 13.4
Buddha 1,087,718 72 0.0031 889 1187 29,328 48.8
0.00156 3116 3627 101,918 174.4

Table 1: Thistableshowsexperimentaresultsfor a varietyof modelsTheaMAwascomputedor a sepaation angleof % . Dsisthenumber
of thetrianglesof themodel;Nsp is the numberof sampleson ead sphee. Resolutiorrefers to the maximundistancebetweemeighboring
pointson the smallestsphee geneated during the computationof the aMA (d—g), assuminghe modelis scaledto t into a unit cube The
variable Ns designateshe numberof spheesgenertedduring freespaceexploration, Np refeis to the numberof pointsusedto represent
theaMA, Np indicatesthe numberof distancecomputationgperformedduring the expansionandT representshe computatiortime of the

aMA.

Errorcriterion  Nsp  Resolution T (seconds)

Relative 132 0.0033 17.64
Relatve 72 0.0046 3.343
Absolute N/A 0.0089 5.156
Absolute N/A 0.0093 3.531

Table 2: Computationtime for different absoluteand relative er-
rors for the Stanfod Bunny During free spaceexploration, Nsp
sampleswere geneated on eat sphege, determiningthe resolu-
tion of the algorithm; the overall computatiortime T for theaMA
computatioris givenin seconds.

ble 2 illustratehow the algorithmallows to tradeef ciency for ac-
curag.

8. Conclusion

A novel approachto computingan approximatednedial axis of
a solid was presentedlt differs from previous approachedn the
following respects:

1. It computesan approximatednedial axis using adaptve step
sizes resultingin unprecedentedomputationaéf ciency.

2. It permitstheuserto make anexplicit trade-of betweerspeedf
computationandaccurag by specifyingan acceptableelative
or absoluteerror.

3. The algorithmis outputsensitve. In otherwords, the compu-
tationalcostis not determinedby the compleity of the model
(consideringlistancecomputatiora. constantime operatiorfor

¢ TheEurographicsAssociation2004.

a given model), but ratherby the geometriccompleity of the
solid.

4. Thecomputationaéffort expendedy thealgorithmin apartic-
ularlocal region of the solid is proportionalto its local geomet-
ric compleity.

Thealgorithmis motivatedby thefactthatthemedialaxisof asolid
D[5, 28] is thelocusof pointsinsideD, which lie at the centersof
all closeddiscsor ballswhich aremaximalin D andhave at least
two contactpointswith D. It proceed$y computingthesemaximal
spherednsideD andusingtheirradii asstepsizes Experimentate-
sultsdemonstrat¢hatthe proposednethodallows for the ef cient
computationof an approximatednedialaxis, which (basedon vi-
sualinspection)preseresthe mostimportantfeaturesof the true
medialaxis,while beingcomputationallynuchmoreef cient. The
algorithmhassuccessfullypeenappliedto a numberof benchmark
models consistingof up to onemillion triangles.
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Figure 9: The horse model (top, 96,966 triangles), its approxi-

Figure 8: The Stanfod Bunny(top, 69,451triangles), its approx- matedmedialaxis (middlg computedn 13.3secondsandtheme-
imatedmedial axis (middle computedn 17.64secondspind the dial axiscomputedy expansiorof spheeswith xed radii (bottom,
medialaxiscomputedy expansiorof spheeswith xed radii (bot- computedn 221.3seconds).

tom,computedn 888.6seconds).
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Figure 10: The Happy Buddhamodel(top, 1,087,718triangles)
andits approximatedmedialaxis (bottom,computedn 174.4sec-
onds).
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