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Abstract

Themedialaxis can be viewedas a compactrepresentationfor an arbitrary model; it is an essentialgeometricstructure in
manyapplications.A numberof practical algorithmsfor its computationhavebeenaimedat speedingup its computationand
at addressingits instabilities.In this paperweproposea new algorithmto computethemedialaxiswith arbitrary precision.It
exhibitsseveral desirablepropertiesnotpreviouslycombinedin a practical andef�cient algorithm.First, it allowsfor a trade-
off betweencomputationtime and accuracy, makingit well-suitedfor applicationsin which an approximationof the medial
axissuf�ces, but computationalef�ciency is of particular concern.Second,it is outputsensitive:thecomputationcomplexity
of the algorithm doesnot dependon the sizeof the representationof a model,but on the sizeof the representationof the
resultingmedialaxis.Third, thedensitiesof theapproximatedmedialaxispointsin differentareasare adaptiveto local free
spacevolumes,basedontheassumptionthata coarserapproximationin wideopenareacanstill suf�ce therequirementsof the
applications.We presenttheoretical results,boundingthe error introducedby the approximationprocess.Thealgorithm has
beenimplementedandexperimentalresultsarepresentedthat illustrateits computationalef�ciency androbustness.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:ComputationalGeometryandObject
Modeling

1. Intr oduction

Themedialaxisof a solid D is thelocusof pointsinsideD, which
lie at the centersof all non-intersectingcloseddiscsor balls in
D of maximumradiusthat have at leasttwo contactpoints with
D [5, 28]. Givena medialaxisof D andits associatedradiusfunc-
tion, it is easyto reconstructthesurfaceof D. Thusthemedialaxis
providesa compactrepresentationof D. Themedialaxisis helpful
in many applications,suchasshapeanalysis[24, 36], robotmotion
planning[13, 18], imageprocessing[22], computervision [7, 23],
solidmodeling[14, 17, 31] andmeshgeneration[1, 27]. In thispa-
perwe presenta novel approachto computeanapproximatedme-
dial axisbasedon theaforementionedde�nition.

While variousalgorithmsto computethe exact medial axis of
simple polyhedracomposedof a few hundredsof trianglesexist
[21, 26, 28], it is non-trivial to scalethem to more complicated
models.This is a consequenceof the instability andthe algebraic
complexity of themedialaxisasamathematicalstructure.A small
changeof thesurfacecancauserelatively largechangesin theme-
dial axis; furthermore,the algebraicrepresentationof the medial
axis usually is of higher degreethan the surfaceof the solid. In
order to addressthe instability problem and reducethe compu-
tation time, algorithmsto approximatethe medialaxis have been
proposed.Thesewill bediscussedin detail in Section2.

Therearea numberof applicationsfor which computationtime
is of critical concern,but anexactrepresentationof themedialaxis
is not needed.For example,robotic motion planningtechniques
basedon themedialaxishave beendevised[13, 18]. Thesemeth-
odsexploit thefactthatthemedialaxiscapturespointsatamaximal
distancefrom obstaclesanduseit asaheuristicto �nd positionsof
the robot that do not collide with the environment[18]. For this
applicationan approximatedmedialaxis,which canbe computed
ef�ciently , is verydesirable.Furthermore,in narrow andgeometri-
cally complex regions,amoredetailedrepresentationof themedial
axisis of interest,whereasin wide openregionsthedangerof col-
lision is low andacoarserepresentationsuf�ces.

In this paper, we proposea novel algorithmto approximatethe
medialaxis.Motivatedby applicationssuchasrobotmotionplan-
ning, theproposedalgorithmhasthefollowing characteristics:

1. The computationof the approximatedmedialaxis canbe per-
formed very ef�ciently . As shown in Section7, the approxi-
matedmedial axis of the model of the StanfordBunny with
69,451trianglescanbecomputedin only 5.6secondsonastan-
dardPC.The approximatedmedialaxis of the Happy Buddha
model, consistingof over one million triangles,can be com-
putedin 13.4 seconds.This is muchfasterthanexisting algo-
rithmswith thesameinput.
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2. Thealgorithmallows theuserto tradeoff speedof computation
for accuracy: the more accuratethe approximation,the more
computationtime is required.

3. Thealgorithmadaptsthedensityof pointsusedto representthe
approximatedmedialaxisbasedon localpropertiesof thesolid.
Few pointsarenecessaryin openareasandadensersetof points
is usedto representthe approximatedmedialaxis in con�ned
areas.

As a consequence,theproposedapproachis well suitedfor appli-
cationin whichanef�ciently computed,approximatedmedialaxis
is of value.This hasbeenvalidatedexperimentallyin the domain
of sampling-basedmotionplanningin robotics[34].

2. RelatedWork

Given thegeometricdescriptionof a solid, therearevariousalgo-
rithmstocomputeitsmedialaxis.Weclassifytheapproachesfound
in the literaturebasedon their methodof exploring the interior of
thesolid.

The algorithms in the �rst category use a tracing approach
[21, 26, 28] to computethemedialaxis.Thealgorithmstartsfrom
a junction point, which is the point wheremultiple facetsof the
medialaxis intersect,andtracestheseamsfrom thejunctionpoint
until they meetanotherjunctionpoint or anendpoint.This proce-
dureis repeatedrecursively until all partsof the medialaxis have
beentraced.In addition,Culver [9] alsousesa spatialsubdivision
techniqueto reducethe runningtime of the algorithm.Choset[8]
appliesthis approachto sensor-basedmotion planning.His algo-
rithm only useslocal distanceinformationgainedfrom thesensors
to incrementallybuild amedialaxisrepresentation,astherobotex-
ploresits environment.Thetracingstepsaresmallandcomputation
speedis limited. Holleman[18] usesa similar approachto deter-
minethemedialaxis,whichis thenusedasaheuristicfor sampling
free con�guration spacein the probabilisticroadmapapproachto
robotmotionplanning.Computationalconsiderationslimit theap-
plicability of theseapproachesto polyhedracomposedof only a
few thousandfaces.

The algorithmsin the secondcategory representthe free space
asvoxels.Lam[19] givesasurvey of thinningalgorithmsbasedon
voxel representationsandZhang[35] providesaperformanceeval-
uation.The thinning algorithmsperformerosionin orderto com-
puteanapproximatedmedialaxis.Siddiqi [29] assignseachvoxel
avector�eld valuecorrespondingto thevectorpointingto theclos-
estpoint on thesurface.A voxel is consideredto beon themedial
axis if themean�ux of thevector�eld enteringtheneighborvox-
elsis positive.Ragnemalm[25] assignsto eachvoxel theEuclidean
distanceto its nearestvoxel on theboundaryandcomputesthelo-
caldirectionalmaximato determinetheapproximatedmedialaxis,
while Hoff [16] utilizes hardware to computethese,thus speed-
ing up thecomputation.Vleugels[33] dividesvoxelsrecursively if
they containa portion of the medialaxis until they reacha mini-
mumsize.Foskey [11] combinestheadvantagesof [16] and[33],
usinghardwareto computedistanceswhile adaptively andrecur-
sively dividing thevoxels.This methodcomputesa simpli�ed me-
dial axis[11], which is asubsetof theactualmedialaxis.Thisnew
datastructureis morestablebut it doesnotnecessarilymaintainthe
connectivity of themedialaxis,therebylimiting its applicability.

The algorithmsin the third category divide the free spaceinto

Voronoiregionsbasedonsamplepointson thesurfaceof thesolid.
The resultingVoronoi regionsare tiny becausea densesampling
of the surfaceis requiredfor an accuratecomputationof the me-
dial axis.Both [3] and[10] provide goodsurveys of the literature
of thealgorithmsin this category. Thesealgorithmsareapplicable
to complicatedmodels,if an appropriatesetof samplepointscan
easilybedetermined.

3. Sampling the ApproximatedMedial Axis

The main ideaof our algorithm is to ef�ciently generatea small
set of partially overlappingmaximal spheresto cover almostthe
entire free spacewithin the solid. Thesespheresare constructed
to intersectfeaturesof themedialaxis.By samplingpointson the
surfaceof the spheresanddeterminingtheir closestfeaturein the
environment,a setof pointson the surfaceof the spherethat are
in proximity to themedialaxiscanbe identi�ed. Thepointsserve
asanapproximationto themedialaxis.Theunionof thesepoints
comprisestheapproximatedmedialaxis,abbreviatedasaMA in the
remainderof thepaper. Becauselargeopenareascanbecoveredby
large spheres,the aMA consistsof few pointsin wide openareas
and is denserin geometricallycomplex regionsof the solid. The
precisionwith which the aMA approximatesthe medialaxis can
be speci�ed asa parameterof the algorithm.This allows usersto
consciouslytradeaccuracy for computationalef�ciency.

3.1. Description of the Algorithm

Eachpoint insidethe solid hasat leastoneclosestfeatureon the
surfaceof thesolid.Thedirectionvector~v of a point p in thesolid
D is theunit vectorpointingfrom point p to theclosestfeatureon
thesurfaceof D. Thedistanced(p) associatedwith apoint p in the
solid D is the distancefrom point p to the closestfeatureon the
surfaceof D. Notethatpointson themedialaxismusthaveat least
two directionvectors.

The descriptionof the algorithmrelieson two primitive opera-
tions.The�rst identi�es aninitial point m andassociateddistance
d(m), suchthat the resultingsphereof radiusd(m) aroundm in-
tersectsthe medialaxis.Given a solid D, a setof pointsP in the
interiorof D andtheir directionvectors,thesecondprimitive iden-
ti�es, for eachpoint p2 P, thatpointonthemedialaxisof D which
is closestto p. Theseprimitiveswill bedescribedafterwehavede-
tailedthealgorithmfor computingtheaMA.

Assumepoint m lies on the medial axis and is distanced(m)
away from theclosestobstacle.This point is determinedusingthe
�rst primitive.A priority queueQ is initializedto containthesphere
describedby pointmandradiusd(m). ThesetSof spheresdescrib-
ing the freespaceinsidethe solid D is initialized to be theempty
set.

Thelargestspheres is extractedfrom Q andasetU of uniformly
distributedsamplesthathave beengeneratedon its surface.Points
in U thatarecontainedin oneof thespheresin Sarediscarded.The
secondaforementionedprimitive is usedto determinethosepoints
in U that lie closestto the medialaxis.Thesepoints pi areadded
into theaMA and,alongwith theirdistancesd(pi), into thepriority
queueQ. The spheres is addedto S. To boundthe explorationof
freespaceweintroduceanadditionalrequirementfor insertioninto
Q: only thosesphereswith radii largerthantheexpansionthreshold
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Ke canbeadded.Wecancontrolcomputationtimeandthenumber
of aMA pointsby changingKe. Thesestepsarerepeateduntil Q is
empty(seealsoFigure1).

1. Find point m insideD suchthatd(m) > Ke andthemedialaxis
intersectsthesphereof radiusd(m) aroundm(seeSection3.2).

2. SpheresetS:= ;
3. Medial axispoint setM := ;
4. Priority queueQ := f (m;d(m))g
5. While Q is notempty

a. Extractspheres= (p;d(p)) from Q
b. Generaten uniformly distributedsamplesU = f u1; � � � ;ung

onthesurfaceof s. Discardall ui 2 U for which9sj 2 Ssuch
thatui 2 sj .

c. UsingU andthedirectionvectorsassociatedwith theui 2 U,
determineapproximatedmedialaxispointsA = f a1; � � � ;akg
(seeSection3.3).

d. Q := Q[ f (ai ;d(ai)) jai 2 A andd(ai) > Keg
e. M := M [ A
f. S:= S[ f (p;d(p))g

6. Connectpointsin M to generatetheaMA (seeSection5)

Figure 1: Thepseudocodeof thealgorithm.Sis thesetof spheres
describingthe interior of the solid D. M is the set of points de-
scribing the approximatedmedialaxis.Q is the priority queueof
spheres,orderedby radius.

Figure2 illustratesour methodin a two-dimensionalcase.As-
sumeo1 is the�rst elementin Q. A maximalcirclecenteredato1 is
generatedandn samplesp1; p2; :::; pn aregeneratedon its circum-
ference(not all samplesareshown in the �gure). The point pairs
(p1; p2), (p3; p4) and(p5; p6) have differentdirectionvectorsand
themidpointsof thesepairs,q1, q2 andq3, areconsideredto beon
themedialaxis;they areaddedto theaMA andto thequeue.Since
q3 hasthe largestradiusit is expandednext andtheprocedurere-
peats.
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Figure 2: An illustration of thealgorithm.Thedashedlinesrepre-
sentthemedialaxisof therectangle.

Wenow discussthetwo primitivesusedin thedescriptionof the
algorithm.

3.2. Identifying the Initial ApproximatedMedial Axis Point

In the descriptionof the algorithmit wasassumedthat the queue
Q is initialized with a point m on the medialaxis of the solid D.
We usea similar expansionalgorithmasthe onedescribedabove
to �nd m. Startingfrom a randompoint p insideD, we generate

themaximalspherewith thecenterat p. If wecannot�nd amedial
axispoint of thesurfaceof thesphere(how medialaxispointsare
identi�ed is describedin Section3.3), we take the point p0 with
thebiggestradiusasthecenterof thenext sphere.This processis
repeateduntil the sphereof radiusd(p0) aroundp0 intersectsthe
medial axis. Sincethis procedureconvergestowardsa sphereof
locally maximumradius,its centerconvergestowardsapoint p0on
themedialaxisandthesurroundingspherethusmustintersectthe
medialaxis.

3.3. Identifying ApproximatedMedial Axis Points

Givenasetof uniformly distributedsamplepointsU onthesurface
of a sphere,we apply theseparationanglecriteria [3, 4, 6, 11] to
determinethe set containingpoints of the aMA. If the direction
vectorsof two adjacentsamplepointsspanan anglelarger thana
thresholdqt , we take thesamples'midpointastheaMA points.In
Section4 wewill boundtheerrorof thisapproximation.

Theseparationanglecriteriacanerroneouslyplaceapointonthe
medialaxis(seeFigure3 for anexample)[11]. If a re�ex vertex on
the boundaryis the nearestneighborto both samplepoints,both
direction vectorswill point toward that vertex. To identify these
cases,we apply thedivergencecriteria: thedirectionvectorsmust
pointaway from eachother.
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Figure3: Falsepositivesfor theseparationanglecriteria

If a sphereonly intersectsonefacetof the aMA, therewill be
two setsof samplepoints,eachsetwith adifferentdirectionvector,
basedon classi�cationby theanglecriteria.In this casewe simply
insert the centerof the sphereinto the aMA. The sampleson the
surfacearesuper�uous.If asphereintersectsmultiple facetsof the
medialaxis, however, we identify adjacentsampleswith threeor
moredistinctdirectionvectorsandaddtheir midpointto theaMA.
Thesepointsarecalledcritical points; they designateanedgeor a
vertex betweenmultiple facetsof theaMA. Critical pointscanbe
usedto approximatethehierarchicalgeneralizedVoronoigraph[8].

3.4. Incr easingthe Accuracy of the Approximation

Ourbasicalgorithmdoesnotsampletheinteriorof thespheres.By
restrictingsamplingto thesurfaceof thesphere,importantfeatures
of the aMA might be missed.We provide an optional re�nement
algorithmwhichcanlocateaMA pointswith amaximalnumberof
adjacentaMA facetson the insideof a sphere.Startingfrom one
aMA point,we usea tracingalgorithmsimilar to theoneproposed
in [18] to look for a point whereseveral aMA facetstouch.Our
methoddiffersfrom [18] in thatit performsthetracingin 3D, rather
thanin aplane.Themethoduniformly samplesn pointsnearbyand
selectsthe point with equalor more adjacentaMA facetsas the
next tracing point. The re�nement algorithm stopsif the tracing
point is outsideof the sphereor all points nearbyhave lessMA
facetscrossing.If the re�nementpoint is closeto anothercritical
point,we discardit andstopthealgorithm.TheaMA pointsfound
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in this mannermoreaccuratelydescribethe characteristicsof the
solid.This re�nementconsiderablyincreasesthecomputationtime
of theoverall algorithm.

3.5. Discussion

In Section2, we differentiatedthreecategoriesof approachesto
medialaxiscomputation.Thesemethodswereclassi�edaccording
to their methodsof free spaceexploration.All of them generate
the (approximated)medial axis either during or after the explo-
ration process.The algorithmproposedherecanalsobe regarded
asa tracingapproach:it tracesthemedialaxisby samplingon the
spheresduring expansion.However, the algorithmdiffers impor-
tantly from previous approaches:during the tracingprogress,the
stepsize is adjustedbasedon the local geometricalpropertiesof
thefreespace.By construction,thecentersof thesphereslie close
to themedialaxisandthusfreespaceis exploredwith near-optimal
stepsizes.To ensurethis propertyall possibletracing directions
areexploredat every step.The near-optimal stepsizeis the main
reasonfor thecomputationalef�ciency of theproposedapproach.

4. Approximation Err or

In this sectionwe boundthe error madeby the proposedmethod
of approximatingthemedialaxisof a solid.We differentiatequan-
titative errors that result from the �nite samplingdensityof our
algorithm,andqualitative errors.The latter area consequenceof
thesphereexpansionalgorithmto explorethefreespaceinsidethe
solid.

When consideringthe quantitative error, two caseshave to be
distinguished.If the samplingdensityon the surfaceis kept con-
stant,largersphereswill becoveredby a largernumberof samples
thansmallerspheres.In this casewe computethe absoluteerror
asthe distanceof a point on the aMA to the closestpoint on the
truemedialaxis.If thenumberof samplesis keptconstant,on the
otherhand,thesamplingdensityis lower on largespheres,which
meansthatfewersamplesarecomputedin wideopenareas.In other
words,the computationalexpenseis proportionalto the dif�culty
of theregion– adesirablepropertyfor anapproximationalgorithm.
For thiscasewewill considera relativeerror, which relatestheab-
soluteerrorto theamountof local freespace.

4.1. SamplePoint Accuracy

Let M be the setof approximatedmedialaxis points for a given
solid D attainedby our algorithm.For eachpoint pi in M, there
existsamedialaxispointti which is closestto pi . Theabsoluteand
relative errorsfor thesamplepointsM of theapproximatedmedial
axis,relative to thetruemedialaxisT are

� Absoluteerrorea: maxpi2 M fj pi � ti jg
� Relativeerrorer : ea

d(ti )

Givena setof uniform sampleson a unit sphere(circle),we de-
�ne two pointsasneighborsof eachotherif thedistancebetween
themis smallerthantheneighborthresholddn. If theclosestfea-
turesof two neighboringpoints p1 and p2 aredifferent,thereis a
point betweenthemwhich is closestto bothof thosefeaturesand
thus lies on the medialaxis. We will considerthe midpoint m of
theline segmentbetweenp1 andp2 asapointontheapproximated

medialaxis.Consequently, themaximumdistancebetweenpoints
of the approximatedmedialaxis andthe real medialaxis is given
by ea = dn

2 . This equationholdsin both2D for circlesand3D for
spheres.Theresolutionof thealgorithmis thende�ned by rmin

dn
2 ,

wherermin is theradiusof thesmallestspheregeneratedby theal-
gorithmdescribedin Section3.

It is obvious that thereis a relationbetweenthe numberof the
samplesplacedonasphereandthequalityof theapproximatedme-
dial axis.In thefollowing sectionsweestablishhow many samples
areneededin orderto achieveadesiredabsoluteor relativeerrorin
2D or 3D.

4.1.1. 2D

It is relatively easyto computethe numberN of samplesneeded
for a givenabsoluteerrorea. During theexplorationof freespace,
thealgorithmuniformly samplesN pointson a circle (referto Fig-
ure2). TheangleDqbetweentwo neighborsamplepoints(for ex-
ample,6 � � !q1p1

� � !q1p2) is 2p
N andthedistancebetweenthemis given

by

j� � !p1p2j = 2r sin
Dq
2

= 2r sin
p
N

:

Let dn equalj� � !p1p2j. Theabsoluteerroris thengivenby:

ea =
dn

2
= r sin

p
N

:

Consequently, given an absoluteerror ea the numberof samples
neededis givenasa functionof theradiusr of thesphere:

N =
p

arcsinea
r

(1)

To determinetherelativeerrorer , wehave to estimatetheradius
of a nearbypoint m on the true medialaxis. In Figure2, assume
theclosestMA point to q1 is m. Ther in equation1 is thedistance
d(q1) andnotd(m). Althoughmandd(m) areunknown, according
to thede�nition of themedialaxisandthe triangleinequality, we
canestimated(q1) � d(m) < d(q1) + ea undertheconditionthatm
hasthesamedirectionvectorsasq1. Thus ea

d(q1)+ ea
< ea

d(m) � ea
d(q1) .

If r � d(q1), ea
d(m) � ea

d(q1) � ea
r , wecanselectN basedon ea

r :

N =
p

arcsiner

Shouldr � d(q1), wedetermineN basedonthefollowing equation:

N =
p

arcsin er r
d(q1)

GiventhenumberN of desiredsamplepointspi andtheorigin o
of aspherewith radiusr, it is easyto determinetheirposition:

pi = o+ r
�

cos2pi
N

sin 2pi
N

�
for i = 1; � � � ;N:

4.1.2. 3D

Before we discussthe accuracy of the algorithm applied to a
three-dimensionalsolid, we introducethe spherecovering prob-
lem [15, 30]: How cann pointsbe placedon a unit sphereso as
to minimize the maximumdistanceof any point on the sphereto
theothern� 1 points?Alternatively, theproblemcanbede�ned in
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termsof covering the unit spherewith sphericalcaps[2, 32]. We
rely on approachespresentedin the literatureto determinea uni-
formly spacedsamplingpatternon spheresduring the free space
explorationphaseof thealgorithm.

Determiningthe approximatedmedialaxis point basedon two
adjacentsamplepointsonaspherewith radiusr, theabsoluteerror
is given by ea = r dn

2 . If morethantwo sampleswith differentdi-
rectionvectorsareusedto determinea point theaMA, thetriangle
inequalityis usedto boundtheerrorby ea < r dn. Givena desired
maximumabsoluteerror, it is easyto determinethemaximumal-
loweddistanced betweensamples.Usingthemethodsfor uniform
samplingon the unit spherereferencedabove, we determinethe
numberof samplesN andtheir locationson thesphere.

The relative error for the three-dimensionalcaseis determined
in asimilar fashionasin thetwo-dimensionalcase.

4.2. Missing Featuresof the Medial Axis

TheaMA pointsweobtainonly representasubsetof thesimpli�ed
medialaxis[11]. Theproposedalgorithmmissespartof thesimpli-
�ed medialaxisbecauseit doesnot expandspheresinto theentire
freespaceandbecauseit only considersasmallsetof pointsonthe
surfacesof spheres.

Givenanabsoluteerrorea, thealgorithmwill stopif themaxi-
mumd(p) of all samplepoints p is smallerthanea. For a relative
error er , the algorithm will terminateif the radiusof all spheres
is smallerthanthe thresholdKe. Obviously, thealgorithmcannot
reacha spacewith a 'gate' smaller than ea or the thresholdKe.
Thespheresstopspreadingwhenthey meetthat'gate' andthefree
spacebehindthegatewill bemissed,includingtheassociatedfea-
turesof themedialaxis.

In the caseof relative error, the samplepointson large spheres
are sparserand thus have larger distanced. Consequently, using
relative error, thesizeof the largestgatewhich is misseddepends
on the amountof local free space.This is illustratedin Figure4:
p1 and p2 areadjacentsamplepointson the biggercircle andqb
is the anglebetweenthe direction vectorsof p1 and p2; q1 and
q2 are the adjacentsamplepointson the smallercircle andqs is
theanglebetweenthedirectionvectorsof q1 andq2. It is obvious
thatj p1p2j > jq1q2j andqb < qs. Accordingto theseparationangle
criteria,thealgorithmcan�nd theaMA point on thesmallercircle
but noton thebiggercircle, if qb < qt < qs.

Figure4: Thealgorithmmightmissmore featureswhenit usesthe
relativeerror criterion.

5. Generating the ApproximatedMedial Axis

Sofarwehaveobtainedasetof aMA pointsbysamplingonspheres
duringtheexplorationprocess.For someapplicationsit might suf-
�ce to have sampledpointson theaMA; otherapplicationsmight
rely on knowing the actualfacetsof the aMA. We now describe
how the adjacency relationshipbetweenthe sampledaMA points
discoveredduring the free spaceexplorationis exploited to com-
putefacetsof themedialaxis.

For atwo-dimensionalsolid themedialaxisis composedof one-
dimensionalcurves.We connectthe aMA pointsby straightlines
basedon theparent-childrelationshipobtainedduringexploration:
if an aMA point is on the surfaceof a spherecenteredat another
aMA point,we connectthesetwo aMA points.We know from the
algorithmthatall aMA points,exceptfor the�rst one,arethecen-
tersof the maximalspheresandon the surfacesof otherspheres.
Sothesegmentsconnectingthemarecompletelyinsidethespheres
andfar away from theboundaryof themodel.If theendpointsof
theaMA segmentshavedifferentdirectionvectors,wecanexplore
the bisectorsof the aMA segmentsto locatemoreaMA pointsin
orderto re�ne theapproximatedmedialaxis.We canthenconnect
adjacentchildrento form facets.

For a three-dimensionalsolid the medialaxis consistsof facets
of dimensiontwo and below. We usethe algorithm presentedin
[18] to determinethe facesof theaMA. In relatively simplemod-
els, big MA facetsmay exist that are coveredby more than one
sphere.We collect aMA pointson the sameMA facetsbasedon
their directionvectorsandpositions.In orderto achieve betterap-
proximationandto improvethevisualeffect,weusethere�nement
algorithmdescribedin Section3.4 to �nd additionalaMA points
inside the spheres.The re�nement algorithmusesa basictracing
method.Performingthis optimizationwill increasethe computa-
tion signi�cantly.

6. Computational Complexity

Thereare two factorsdeterminingthe computationalcomplexity
of theproposedalgorithm.Themostcostlyoperationperformedis
the distancecomputation(seealsoSection7). The complexity of
the modelcritically impactsthe computationalcomplexity of this
operation,which generallyis assumedto be O(logn) in practice,
wheren is the numberof facesof the model.In otherwords,the
computationalcostof performinga distancecomputationis deter-
minedby thesizeof theinput.

To the extent that the presentedalgorithmhasto input the de-
scriptionof the environmentandperformsdistancecomputations
onthisdescription,its computationalcostis dependentontheinput
size.If we ignorethis for a moment,however, andregarddistance
computationasa constanttime operation,we note that the algo-
rithm is output-sensitive, i.e., its computationalcostonly depends
on thesizeof theoutput.For every samplepoint generatedon the
aMA we canboundthe requiredcomputationtime by a constant.
This is averydesirableproperty, in particularfor analgorithmthat
tradesaccuracy for ef�ciency. This propertyshows that the com-
putationalcost is relatedto the geometriccomplexity of the solid
itself and not its model. In other words,assuminga cubeas the
solid andstill regardingthe costof distancecomputationascon-
stant,the proposedalgorithmwould producethe sameaMA with
the identical numberof distancecomputationsand thus with the
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samecomputationalcost,irrespective of whetherthe cubeis rep-
resentedby 12 trianglesor by 12 million triangles.To achieve this
resultwe do not have to take the model into accountby specify-
ing a desiredstepsizeor resolution,we simply specifythedesired
relativeerror.

While outputsensitivity is a very desirablepropertyfor an al-
gorithmof this kind, thedependency on thegeometriccomplexity,
ratherthanon somecombinatorialpropertybasedon the number
of vertices,makes it impossibleto classify the proposedmethod
accordingto well-known complexity classes.

7. Experimental Results

The experiments reported here were performed on a dual-
PentiumIIIPCwith 1024MB SRAM anda 32MB DDR NVIDIA
GeForce2GTS graphicscard.The algorithmwasimplementedin
C++, with OpenInventorasthegraphicsAPI. Distancecomputa-
tion wasperformedusingthePQPpackage[12, 20]. Severalmod-
els wereused,rangingin complexity from 12 to 1,087,718trian-
gles.Table 1 summarizestheexperimentalresults.

Figure 5 and 6 arethemedialaxisof thesimplemodelswhich
have relative big facets.In theimagedifferentcolorsrepresentdif-
ferentaMA facets.Wheremorethantwo aMA facetsintersectin a
line segment,inaccuraciesasa resultof �x ed-resolutionsampling
canbe observed.The facetsof the approximatedmedialaxis also
do not reachinto 'corners' of thespace.This is dueto thefactthat
freespaceexplorationonly continuesaslongassphereshaveacer-
tainminimumsize.

Figure 5: Themedialaxis of a box (Box 1, 12 triangles).It takes
3.94secondsto computethemedialaxis.Differentcolorsrepresent
differentaMAfacets.

Figure7 to Figure10 show morecomplex modelsandtheir ap-
proximatedmedialaxes.Ouralgorithmusesrelatively few spheres
Ns to cover the free spaceinside the modelsand attainsa small
setof aMA points(jMj = Np). While our methodonly computes
anapproximatedmedialaxis,it is signi�cantly fasterthanprevious
methodswith thesameinput.For example,at a low resolutionthe
aMA pointsof theStanfordBunny, thehorsemodel,andtheHappy
Buddhacanbecomputedin only 5.61,12.3and13.4seconds,re-
spectively. Even at higher resolution(seeTable 1) the computa-
tional costis signi�cantly lower thanpreviousmethods,asknown
to theauthors.

As wedescribedin Section4, thealgorithmmaymisssomeparts

Figure 6: Themedialaxisof a simplemodel(Box2, 20 triangles).
It takes4.53secondsto computethemedialaxis.Different colors
representdifferentaMAfacets.

of the medialaxis whencomputingits approximation.In orderto
demonstratethis effect visually, we usedsphereswith small �x ed
radiusto computethemedialaxisof themodels;this corresponds
to an implementationof a tracingapproach.Figure 8 andFigure
9 comparethe resultingmedial axis with the approximatedme-
dial axis computedby the proposedmethod.It can be seenthat
mostfeaturesof themedialaxisarepreserved.For volumesthatare
nearlyspherical,suchasthe body of the StanfordBunny, andare
thuscapturedby a largesphere,somepartsof themedialaxisare
lost. As demonstratedby theaMA in the legsof thehorsemodel,
geometricallytight or complex spacesareapproximatedverywell.
This comparisonvisually con�rms thattheproposedmethodcom-
putestheaMA accuratelyin tight andcomplex environments,and
determinesacoarserapproximationin areasthatarewideopen.

Figure 7: Theapproximatedmedialaxisof a �ange mount(1,684
triangles)wascomputedin 3.45seconds.Theapproximatedmedial
axis is shownin gray. Thesurfaceof the�ange mountis shownas
a wire framemodel.

Theresultsshown in Table1 aswell astheresultsshown in Ta-
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Model Ds Nsp Resolution Ns Np ND T (seconds)

Box1 12 132 0.005646 134 147 7,575 1.56
0.002824 350 363 18,598 3.94

Box2 20 132 0.005646 146 169 8,300 1.84
0.002824 382 405 20,335 4.53

Flange 1,684 132 0.012 92 172 7,212 3.45
Mount 0.006 642 902 63,863 45.5

Stanford 69,451 132 0.00668 91 143 6,564 5.61
Bunny 0.0033 357 685 20,248 17.64

Horse 96,966 132 0.0028 306 400 21,738 13.3

0.006 124 223 3,960 13.4
Buddha 1,087,718 72 0.0031 889 1187 29,328 48.8

0.00156 3116 3627 101,918 174.4

Table1: Thistableshowsexperimentalresultsfor a varietyof models.TheaMAwascomputedfor a separationangleof p
3 . Ds is thenumber

of thetrianglesof themodel;Nsp is thenumberof sampleson each sphere. Resolutionrefers to themaximumdistancebetweenneighboring
pointson thesmallestsphere generatedduring thecomputationof theaMA ( dn

2 ), assumingthemodelis scaledto �t into a unit cube. The
variableNs designatesthenumberof spheresgeneratedduring freespaceexploration, Np refers to thenumberof pointsusedto represent
theaMA,ND indicatesthenumberof distancecomputationsperformedduring theexpansion,andT representsthecomputationtimeof the
aMA.

Error criterion Nsp Resolution T (seconds)

Relative 132 0.0033 17.64

Relative 72 0.0046 3.343

Absolute N/A 0.0089 5.156

Absolute N/A 0.0093 3.531

Table 2: Computationtime for different absoluteand relativeer-
rors for the Stanford Bunny. During free spaceexploration, Nsp
sampleswere generated on each sphere, determiningthe resolu-
tion of thealgorithm; theoverall computationtimeT for theaMA
computationis givenin seconds.

ble 2 illustratehow thealgorithmallows to tradeef�ciency for ac-
curacy.

8. Conclusion

A novel approachto computingan approximatedmedial axis of
a solid waspresented.It differs from previous approachesin the
following respects:

1. It computesan approximatedmedial axis using adaptive step
sizes,resultingin unprecedentedcomputationalef�ciency.

2. It permitstheusertomakeanexplicit trade-off betweenspeedof
computationandaccuracy by specifyinganacceptablerelative
or absoluteerror.

3. The algorithmis outputsensitive. In otherwords,the compu-
tationalcostis not determinedby the complexity of the model
(consideringdistancecomputationaconstanttimeoperationfor

a given model),but ratherby the geometriccomplexity of the
solid.

4. Thecomputationaleffort expendedby thealgorithmin apartic-
ular local region of thesolid is proportionalto its local geomet-
ric complexity.

Thealgorithmis motivatedby thefactthatthemedialaxisof asolid
D[5, 28] is thelocusof pointsinsideD, which lie at thecentersof
all closeddiscsor ballswhich aremaximalin D andhave at least
two contactpointswith D. It proceedsby computingthesemaximal
spheresinsideD andusingtheirradii asstepsizes.Experimentalre-
sultsdemonstratethattheproposedmethodallows for theef�cient
computationof anapproximatedmedialaxis,which (basedon vi-
sual inspection)preservesthe most importantfeaturesof the true
medialaxis,while beingcomputationallymuchmoreef�cient. The
algorithmhassuccessfullybeenappliedto anumberof benchmark
models,consistingof up to onemillion triangles.
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Figure 8: TheStanford Bunny(top, 69,451triangles),its approx-
imatedmedialaxis (middle, computedin 17.64seconds)and the
medialaxiscomputedbyexpansionof sphereswith �xed radii (bot-
tom,computedin 888.6seconds).

Figure 9: The horse model (top, 96,966triangles), its approxi-
matedmedialaxis(middle, computedin 13.3seconds)andtheme-
dial axiscomputedbyexpansionof sphereswith �xed radii (bottom,
computedin 221.3seconds).
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Figure 10: The Happy Buddhamodel(top, 1,087,718triangles)
andits approximatedmedialaxis(bottom,computedin 174.4sec-
onds).
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